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We consider the action of a semisimple subgroup G of a semisimple complex group
G on the flag variety X = G/B and the linearizations of this action by line bundles £
on X. We give an explicit description of the associated unstable locus in dependence
of £, as well as a formula for its (co)dimension. We observe that the codimension is
equal to 1 on the regular boundary of the G-ample cone and grows towards the interior
in steps by 1, in a way that the line bundles with unstable locus of codimension at
least g form a convex polyhedral cone. We also give a description and a recursive
algorithm for determining all GIT-classes in the G-ample cone of X. As an application,
we give conditions ensuring the existence of GIT-classes C with an unstable locus of
codimension at least two and which moreover yield geometric GIT quotients. Such
quotients Y, reflect global information on G-invariants. They are always Mori dream
spaces, and the Mori chambers of the pseudoeffective cone ﬁf(YC) correspond to the
GIT chambers of the G’—ample cone of X. Moreover, all rational contractions f : ¥, --» Y’
to normal projective varieties Y’ are induced by GIT from linearizations of the action of
G on X. In particular, this is shown to hold for a diagonal embedding G < (G)¥, with
sufficiently large k.

Received March 20, 2019; Revised August 14, 2020; Accepted September 10, 2020
Communicated by Prof. Toshiyuki Kobayashi

© The Author(s) 2020. Published by Oxford University Press. All rights reserved.

For permissions, please e-mail: journals.permission@oup.com.

0202 J8qWBAON Z0 U0 1senb Aq /1 80S6S/89ZBBUL/UIWI/SE0 L 01 /I0P/a[o1e-80UBAPE/UIWI/WO9 dnoolwepese//:sd)y Wol) papeojumod



2 H. Seppénen and V. V. Tsanov
1 Introduction

One of the fundamental problems in representation theory, occurring in various
situations, is the understanding of the space of invariants Vé, where G — G is a
morphism of groups and V is a representation space of G. We apply the framework of
variation of geometric invariant theory (VGIT) (in the sense of [5, 20]) to embeddings of
semisimple complex algebraic groups ¢ : G C G and study the G-action on the complete
flag variety X = G/B, where B is a Borel subgroup, on the one hand, and the spaces of
invariants, Vé, for finite-dimensional irreducible G-modules V, on the other hand.

Let G be a connected, simply connected, complex algebraic group, whose Lie
algebra g is semisimple. The irreducible G-modules are parameterized up to isomor-
phism by the elements of the B-dominant Weyl chamber A* in the character lattice A of
a maximal torus T C B; we denote by V, the module corresponding to A € A*. The Borel-
Weil theorem provides models for these modules as the spaces of sections of effective
line bundles on the flag variety X: there is an isomorphism of lattices Pic(X) = A, given
by £, = GxzC_,,and H%(X, £,) = V; for A € A*. The dominant Weyl chamber A" spans
the pseudoeffective cone, while the ample line bundles are given by the set of strictly
dominant weights, A*T,

We now consider a semisimple complex subgroup G C G. It is well known
from Geometric Invariant Theory (GIT) ([7]) that, for a fixed ample line bundle, £,, the

G-invariants of the section ring

R(X, L) = @ HO(X, LF)
kENo

of £, can be realized as the section ring of a line bundle on a quotient of X, or at least

after replacing £, by suitable power. Indeed, letting
X*¥\) :={xeX:3se HO(X,L"f)G, s(x) # 0, for some k > 1}

denote the semistable locus of £,, and Y = X%5())//G denote the GIT quotient defined
by L,, there is a line bundle L, on Y and a g € N such that there is an isomorphism of

rings

@B HO(x, £ = @ HO(v, 1),

keNo kENo
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VGIT on Flag Varieties 3

By construction, the variety Y depends on the choice of A, and it is natural to ask
whether the G-invariants of the total coordinate ring, or Cox ring, of X can be described

as the Cox ring of some variety Y, that is, is there an isomorphism of rings

cox(x)% 1= @ B, £,)% = cox(v):= €D H(Y,L), (1)
AEAT LePic(Y)

for some variety Y (or, in view of the result above, at least after the line bundles on the
left hand side are replaced by suitable powers)?

It was proven in [18] that this holds if Y is a GIT quotient with respect to a
A lying in a so-called G-movable chamber, where the chamber property means that all
G-orbits in XSS (1) are infinitesimally free, and the attribute “movable” means that the
complement of the semistable locus X*(1) be of codimension at least two in X (cf. the
definition of a movable divisor ([9]), meaning that the stable base locus of the divisor be
of codimension at least two.) However, the existence of such G-movable chambers is not
clear. This is also the starting point of our investigation. The results of this article are
split in two independent parts, addressing respectively the existence and properties of
GIT-quotients Y admitting isomorphisms of rings as in (1).

The fundamental question for the existence part is the following: how does the

dimension of the unstable locus
X¥(L) =X\ XS0

depend on A? Here, VGIT provides the proper framework. We therefore study the
@‘—-ample cone of X, C¢(X), which is the convex cone in Pic(X)p generated by the ample
line bundles admitting G-invariant sections. The identification of effective line bundles

with dominant weights yields an isomorphism
C%(X) = Cone(r € AL : X (1) #0).

Two strictly dominant weights, A and 1/, are then said to be GIT equivalent if X55(1) =
X55(1"), and this relation extends to an equivalence relation on Cé(X ) with finitely many
equivalence classes, the GIT classes ([5, Sections 3.3-3.4]). The closure of a GIT class is
a rational polyhedral cone and the GIT classes form a fan in Cé(X) ([17]). One is hence
led to ask how the dimension of the unstable locus X“$(C) of a GIT-class C varies with C,
and in particular how it changes as one moves from a class C to another class C’ whose

boundary intersects that of C. The GIT classes that are open in Ay are, in this case,

0202 J8qWBAON Z0 U0 1senb Aq /1 80S6S/89ZBBUL/UIWI/SE0 L 01 /I0P/a[o1e-80UBAPE/UIWI/WO9 dnoolwepese//:sd)y Wol) papeojumod



4 H. Seppédnen and V. V. Tsanov

exactly the GIT chambers, defined generally by the property that the G-orbits in X55(C)
are infinitesimally free. A

The cone Cé(X) and its closure EG(X), which we call the closed @—ample cone,
appear in several interrelated contexts and admit alternative characterizations. In
representation-theoretic terms, if nonempty, EG(X) is identical with the (generalized)
Littlewood-Richardson cone LR = Conv(LR) C Ay, where LR = LR(G C G) =
(A e AT : V/\é # 0} is the Littlewood-Richardson monoid, shown to be a finitely
generated monoid by Brion and Knop, cf. [6]. The prototypical namesake is obtained
for diagonal embeddings in Cartesian powers, where LR(G c G*(™*D) describes the
components occurring in the decomposition of m-fold tensor products of irreducible
G-modules. More generally, the branching monoid for the pair G C G is defined as
LR(G dfiig G x G) and describes the types of irreducible representations of G occurring
in the restriction of each irreducible representation of G. Since any branching cone is
a particular instance of a closed G-ample cone, and conversely, a closed G-ample cone
is a special section of the respective branching cone, the knowledge of branching cones
for embeddings of reductive groups is equivalent to the knowledge of G-ample cones.
However, there are subtle differences in behaviour. Note that Cé(X) is nonempty, if and
only if EG(X ) = LR, if and only if LR contains strictly dominant weights. The branching
cone always contains strictly dominant weights and is never equal to the entire Weyl
chamber. The G-ample cone can be empty but can also be equal to the interior A§+ of
the Weyl chamber.

A description of the branching cone by an irredundant list of inequalities
was obtained by Ressayre in [16], building on a line of argument traced, as far as
general embeddings G C G are concerned, to Heckman, [8], relating the branching
of representations to projections of coadjoint orbits and interpreting LR(G C G) as
a momentum polytope. Berenstein and Sjamaar, [2], obtained a finite list of defining
inequalities, reduced to a minimal list by Ressayre. Klyachko, [11], and Belkale-Kumar,
[1], contributed key ideas in the diagonal case, which were subsequently extended to
arbitrary embeddings.

For our purpose, we concentrate on X = G/B, ample line bundles, and the
G-ample cone CG(X). Some advantages are, for instance, that semisimple groups
have no fixed points in G/B and all closed orbits of such groups are complete flag
varieties. The latter allows for the application of iterative methods in the study of GIT

classes.
We now give an outline of the paper and our main results. The bulk of the

article, §§ 2-6, is concerned with the unstable loci and existence of G-movable chambers.
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VGIT on Flag Varieties 5

In Section 7, we address the Mori-theoretic properties of GIT quotients Y by G-movable
chambers.

The following is a nontechnical formulation of our main theorem concerning the
existence of G-movable chambers and a generalization of the G-ample and -movable

cones.

Theorem I. For each k € N, the set

Ce=CE0) = ALY n{he AL : codimyxus(h) = k)

is a convex rational polyhedral cone in the open Weyl chamber AEJ“, possibly empty.
The G-ample cone is obtained for k = 1. The cone C, is called the G-movable cone and
denoted by Mov®(X). Moreover, the following hold:

(i) On the regular boundary of C; the codimension of the unstable locus is
exactly k, that is, . € AT+ N 3dC;, implies codimyX“*(1) = k.
(i) The cone C,; is contained in the interior of Cy, in the relative topology of
AL
(iii) If C5 is nonempty, then G-movable chambers exist.

Afinite list of inequalities describing C; is given in Theorem 5.8, where the above
statements are proven. A numerical criterion for existence of G-movable chambers,
obtained by considering the anticanonical bundle A = 2p, is given in Section 5.4 along
with some further corollaries.

Heuristically, the above theorem suggests that many G-movable chambers exist
for sufficiently small subgroups G C G. For example, if G is a principal SL,-subgroup
of a simple group G, then movable chambers exist if and only if dimX > 5. Also, for
diagonal embeddings G ¢ G*™, movable chambers do not exist for m = 2 but do exist
for sufficiently large m, for example, m = 5 for G = SL,,.

A key ingredient in the proof—which we find remarkable in itself—is
Lemma 5.9, stated also below, assuring that the codimension of the unstable locus
could not make “jumps” increasing in steps bigger than one when passing from one GIT

class in Cé(X ) to another.

No jump lemma: Suppose that C;,C, C Cé(X) are GIT classes in the G-ample cone,

whose closures intersect along a positive-dimensional common face, C; N C, # {0}. Then

|codimyX™*(C;) — codimyX"*(C,)| < 1.
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6 H. Seppénen and V. V. Tsanov

Let us sketch the idea of the proofs. The Hilbert-Mumford criterion yields, after

the use of specific properties of X = G/B, the following expression:

X“S(n) = U GP.x,,, (ExW), ={( w)e &x W): wi(E) > 0}.

(& wW)e(ExW),

where the notation is as follows: W is the Weyl group of G with respect to a Cartan
subgroup T chosen to contain a Cartan subgroup T of G; {x, =wB e X :w e W} is the
set of T-fixed points in X; & varies in the lattice I' of one-parameter subgroups (OPS)
of T, viewed with its natural embedding in the Lie algebra =AY Cc AV ctcCg;for
any £ € I', P, C G denotes the parabolic subgroup whose Lie algebra p; C g is the sum
of the eigenspaces of ad(£) with nonnegative eigenvalues; the set & =E8GcoeG) cflt,
called the Ressayre set of OPS for the given embedding G C G, consists of the indivisible
elements & of a fixed Weyl chamber ['t, for which the parabolic subgroup P is a
maximal element of the set of subgroups {P,CG:ne f+\{0}}. For example, E consist of
the fundamental coweights of G, if a Weyl chamber of G is contained in a Weyl chamber
of G, as is the case for, diagonal embeddings GcG*=aG.A proof of the above formula
for X%$()) is given in Theorem 3.5, with a somewhat more technical parametrization of
the strata.

With the above formula at hand, we study the GIT classes on X. It is useful to
consider the (finite) subdivision of the GIT classes of G into T—classes, since those are
easier to investigate. In Theorem 5.3 we show that (a set derived from) the set (E x w),
determines uniquely the T-class of A. The fan of T-classes in the Weyl chamber is
defined by the system of hyperplanes #,, .. with (§,w) € & x W. Since every G-class
is a union of T-classes, the hyperplanes bounding G-classes are also of the form H,, 1.
In Theorem 5.4 we characterize the hyperplanes defining G-classes. Here we apply the
Kirwan-Ness decomposition of X“$(1) (Theorem 4.2), which is similar to the above, but
with another index set. The Kirwan-Ness strata must satisfy dim GPEXW = dim @/135 +
dimPEXW. This is a nontrivial condition on (¢, w); we call such pairs fit and investigate
their combinatorial properties. These considerations allow us to deduce formulae for
the codimension of X“$(1) as well as combinatorial bounds. A special property of fit
pairs forming chains of strata with decreasing dimension in steps of 1 yields the non-
jump lemma.

At the end of the discussion of unstable loci, § 6, we modify a method introduced
by Popov [15] and obtain a graphic algorithm, taking the data of pairs in (& x w),

and producing a rooted tree with signature 7,, the sign of whose root decides whether
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VGIT on Flag Varieties 7

A€ CG(X), or not. Applied recursively, to embeddings of respective Levi subgroups, this
yields an algorithm for description of the GIT classes, as well as of the entire Kirwan—
Ness stratification for a given A.

Many of the results on unstable loci are likely known to experts, and the
introductory sections are closely related to [16] and [2], but we supply fairly self-
contained proofs and constructions based directly on the respective general theorems
of Hilbert-Mumford and Kirwan-Ness, on the one side, and the structure of semisimple
groups and flag varieties, on the other.

The 2nd part of this article, §7, concerns the quotients arising from G-movable
chambers, their Picard groups, and Cox rings. The general relation between Picard
groups of varieties and their GIT quotients is described by Knop, Kraft and Vust in [12].
Refining the aforementioned results [18] on the effective cone on the quotient, we find
a natural identification between the GIT-equivalence relation in Pic(X) with the Mori
equivalence relation in Pic(Y). The proofs appear in Theorems 7.5 and 7.4. The defini-
tion of Mori chambers can be found in Section 7, see also [9] for notions concerning Mori
dream spaces. Let us note that the usual notation occurring in statements as the one
below would require to write Picé(X) reflecting the choice of G-linearization for every
line bundle. We suppress this by assuming that G acts via its inclusion in G, which is
in turn assumed to be simply connected. In this situation, every element of of Pic(X)

admits a unique G-linearization.

Theorem II: Suppose that there exists a G-movable chamber C C CG(X) and let Y = Y,
be the corresponding GIT quotient of X. Then Y is a Mori dream space and there is a

canonical isomorphism of R-Picard groups giving rise to the following identifications:

Pic(X)p = Pic(Y)p
¢ x) = Eff(Y)
GIT-chambers < Mori chambers
M_ové (X) ~ Mov(Y)
C = Nef(Y)

&P Vf" = Finite extension of Cox(Y) .
AEAT

Cox(X)&

Moreover, all rational contractions of Y to normal projective varieties are induced by
VGIT from X.
Let us note that the family of Mori dream spaces produced as GIT quotients of

flag varieties could be of independent interest. For the sake of representation theory,
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8 H. Seppénen and V. V. Tsanov

clearly a concrete model for ¥ would be of great benefit—as explained above, this
variety would encode the full information on dimensions of G-invariants in G-modules
for the given subgroup G C G Although we are able to prove many nice properties,
these spaces remain somewhat implicit, as is often the case with quotients, due to the
implicit nature of the fundamental existence results in invariant theory. The same is
true to some extent for Mori dream spaces since several general constructions involve
quotients, while many explicit alterations of varieties destroy the Mori dream property.
It is therefore of interest to know whether our quotients appear among the known
examples of Mori dream spaces. Perhaps the interaction of the Mori theory with the
structure theory of semisimple groups could help to obtain more concrete information
about this family of spaces, ideally build concrete models at least for special classes of

subgroups like diagonals.

2 The Hilbert-Mumford Criterion and the Kirwan-Ness Stratification

Our approach to instability is based—as is often the case—on a fundamental result of
Hilbert, reducing instability for linear actions of reductive groups to instability for their
OPS, developed further by Mumford; cf. [7], for the general theory, and [13] for a shorter
presentation suitable for our purposes. In this section we recall the basic results we

need.

Hilbert's theorem: Let H — GL(V) be a representation of a reductive complex
algebraic group H. Then the ring of invariants C[V]¥ is generated by a finite number
of homogeneous elements. Let J C C[VI¥ be the ideal vanishing at 0 and let 4

denote its zero locus, called the unstable locus. Then

Vi ={veV:Hv>0}={veV:3y c Hom(C" 1) : limytv =0} .

The homogeneity of the generators ensures that P(V)}’ is well defined. For a
projective variety Z C P(V) preserved by H, the zero locus of J; in Z is obtained by
intersection Zg® = Z N P(V){’. The restriction of Op (1) to Z is an H-equivariant very
ample line bundle £ on Z. We use the notation Z;*(£), when the line bundle is to be
specified, or simply Z%5, when the main acting group and the line bundle are fixed for
the discussion.

Mumford has devised a numerical criterion for instability for equivariant ample
line bundles on projective varieties with a reductive group action. We shall give a
general statement, but in order to keep the notation in line we return to the case in
hand, Z=X=G/B_H=GC G, L = L,,V =7V,, with some A € A" fixed for this section.
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VGIT on Flag Varieties 9

Every ample line bundle on X is very ample, giving rise to a projective embedding

obtained as the orbit of a highest weight vector:
X = GIv' c P(V,) = P(V).

With this setting, the only properties of X used in this section are that it is a smooth
projective G-variety with a given equivariant embedding X c P(V) by a very ample line
bundle L.

We identify the elements y € Hom(C*, G) by their infinitesimal generators in
the Lie algebra & = y(1) € g and call them OPS. Let us fix a pair of Cartan and Borel
subgroups T C B c G. The OPS of T forms a lattice naturally identified with the dual to
the weight lattice I' = AY c t C §. Every OPS of G is conjugate to a unique element of
f’+, the set of dominant elements with respect to B.

For an OPS & of @, we consider the £é-unstable locus, taking the orientation into

account:

X{(L) = {[V] €X: tEIPoo exp(té)v = 0}.

The function

urfix x> 7z, (2)

attributed to the homogeneous ample line bundle £ — X is defined as follows. For
(x,6) € X x [, let Xy = tl)ir_ncxJ exp(t§)x € X. The limit point belongs to the fixed set of
the OPS, x, € X*. The connected components of X¢ are contained in the projectivizations
of the eigenspaces of &. Define ;“(x,&) to be the eigenvalue of ¢ at x,. The point x is

&-unstable if the eigenvalue is positive.

Hilbert-Mumford criterion: Let £ be a G-equivariant very ample line bundle on X. A
point x € X is G-unstable with respect to £ if and only if it is unstable for some OPS of
G, if and only if its G-orbit contains a &-unstable point for some nonzero, dominant &.
We have

XE(L) = éxgs(ﬁ) =G U xw)] , x50 ={xex: 1t (x,€) > 0}.
gel+\{0}

Semistability and the Mumford function: By the Hilbert-Mumford criterion, the

G-semistability of a point x is equivalent to the supremum of the u£(x, &) over all OPS's
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10 H. Seppénen and V. V. Tsanov

£ being nonpositive. This leads to the definition of the Mumford function M% : X — R
(cf. [5, Section 3.2], [17, Section 2.1]). Given a norm, | - |, on fR =T ®y R, invariant
under the Weyl group of G, let if(x, &) := uL(x,€)/1€). The Mumford function is then

defined as

ME: X >R, Mfx) := supgeﬁﬁﬁ(x,é). (3)
The G-semistable locus with respect to £ can then be described with M~Z as
. gL
XF(L) = {xeX: M"(x) < 0}. 4)

The Mumford function M~ can be defined for any G-linearized line bundle on X (in our
case every line bundle admits a natural linearization), and for fixed x € X, the function
Pic(X) — R, £ — M~X(x) can be naturally be extended to Q-line bundles (points in
Pic(X)g := Pic(X) ®; Q) and, by continuity, to Pic(X)g ([5, Lemma 3.2.5]). In our case,
Pic(X)y is identified with Ay. For A € Ap, we write M*(x) for the value of this extended

function, and define the G-semistable and G-unstable loci with respect to A as
XES(A) = {x e X : M"(x) <0}, ng(k) = {x e X : M"(x) > 0}. (5)

To compute the values of the function u“(-, £) on the projective space P(V) and,
by restriction, on X, one may apply the weight space decomposition of V under T. The
support of a representation of a reductive group is defined to be the set of weights of a
Cartan subgroup occurring in that representation, denoted here by St(V) C A, or St4(V)
if the torus is to be specified. The eigenvalues of any & € I' acting on V are v(¢) for
v € St(V). Any vector v € V has a unique decomposition a sum of weight vectors of the
form,

V= Z v,
HeSt(V)
For [v] = x € X C P(V), let St(x) € St(V) denote the set of weights u for which v, #0 in

the above decomposition. Then we have
nF(x,£) =min {p(€) : p € Stx)}. ()

To compute the dimensions of the unstable loci, we shall need some general
results from geometric invariant theory concerning stratifications of unstable loci.

Specifically, the stratification theorems due to Kirwan in the symplectic setting and
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VGIT on Flag Varieties 11

Ness for projective varieties, see [10, §§12-13] and [13, Th. 9.5.]. More recently, Popov,
[15], has refined the stratification results for (projective) representation spaces. It turns
out that Popov’s constructions can be applied successfully for complete flag varieties
as well, as we show in Section 6.

The so-called Hesselink strata of Xéus, as they are defined for instance in [13],
have the form GX; ,,, where X ,, is the so-called blade, determined by a OPS & € I" and
a positive integer m obtained as the value of a weight of a £-fixed point on X. Formally,

any £ € I" defines an eigenspace decomposition

V= @ V&M, where VEM ={veV:&v=mv}.

meZ

The fixed point set in X is then partitioned as

X5 =||x*™, where X" =XnPV™).

meZ

The blade X; ,, is defined as the set of points flowing into X5™ under &, = exp(t£) as
t — —oo. In the projective situation the blades are obtained by intersection with the

blades of the ambient projective space and are given by (cf. [15])
XE,m =XnN P(V)S,m’ with P(V)S,m = ]P(Vfim) \ P(V§>m)’

where V52" denotes the sum of the eigenspaces with eigenvalues greater or equal to
m and similarly for V5>™. Note that P(V)¢ , is an orbit of the parabolic subgroup of
SL(V) defined by & and the limit set P(V5™) is an orbit of its Levi subgroup SL(V)g,
the centralizer of & in SL(V). The blade X; ,, is preserved by the parabolic subgroup P,
and the limit set X% is preserved by the centralizer f,g = Z;() C G, which is a Levi

subgroup of IA’S. There is a natural map
G Xp, Xem — GXg!m.

By the Hilbert-Mumford criterion, Xéus can be written as the union of CA}ngm over & € +
and m > 0. The stratification theorems concern the existence of a finite number of
blades, whose G-saturation gives the entire unstable locus. Kirwan gives a procedure to
obtain these stratifying blades, referring to the connected components of X¢" and sets

of semistable points in them. We now explain this procedure and introduce notation.
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12 H. Seppénen and V. V. Tsanov

For any set of weights S C A, consider the closest to zero point vg € Conv(S) C f\R
and let & € I' denote the indivisible (i.e., %g ¢ [ for all k > 1) element generating the
ray in { corresponding, under the Killing from, to the ray of vg. We set &g = 0 if vg = 0.
Similarly, if Z c X c P(V) is a subvariety preserved by T, we denote by St(Z%) C A the
set of weights of the T-fixed set, and by &, = SSt(va) € I" the OPS resulting from this
set of weights. For any variety Z we denote by 7(Z) the set of connected components
of Z.

In the next definition, we employ the action of the centralizer IA,é of a given
£ e I on the fixed point set X%. Since IA,s is connected, it preserves each connected
component Z of X%. The subgroup Exp(C¢) = C* belongs to the center of IA,E and the
quotient group L /Exp(C§) acts on Z. We also need a linearization of this action in any
given projective embedding of Z induced by a G-equivariant embedding of X of the form
Z Cc X C P(V). Note that the short exact sequence of Lie algebras C&¢ — A[E — TE/CE
splits and L; contains a subgroup, which we convene to denote by L; /¢, which has a
finite intersection with Exp(C¢) and is a finite cover of L, /Exp(C¢). The action of L;/§
on Z linearizes for every G-equivariant embedding Z ¢ X C P(V) and allows to define
instability and semistablity in Z by Z55 =ZNP(WV)$¥ and Z¥ =2ZnN IP’(V)E‘;/S. Let us

A Lg /& Lg /8 L/t
notice here that L, /¢ always contains the derived subgroup Lé.

Definition 2.1. A nonzero dominant OPS & € '™\ {0} is called a stratifying element for

ng , if there exists Z € wy(X?) satisfying the following conditions:

(i) & =&, (in particular, £ is indivisible, m := ME(Z,S) >0,and Z € no(Xg'm));

s
(ii) Zis/s # .

The set of stratifying elements is denoted by & c 't \ {0}. We also denote 3 = {Z C X :
i e r \{0},Z € nO(Xg)} the set of subvarieties of X obtained as connected components of
fixed point sets of nonzero dominant subgroups of the acting reductive group. The pairs
(§,Z) € 6 x 3 for which (i),(ii) hold are called stratifying pairs, and the corresponding
connected components of X, ,—denoted by X ,—stratifying blades. We denote by
& C 6 x 3 the set of stratifying pairs.

The next theorem, due independently to Kirwan, [10], and Ness, [13], describes a
stratification of X by disjoint G-equivariant strata constructed from the above elements.
The original proofs of this result were obtained in a symplectic setting using momentum
maps. The connection between the symplectic setting and the algebraic setting is

provided in [10], including the following statement.
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VGIT on Flag Varieties 13

Theorem 2.1. (Kirwan-Ness stratification, cf. [10, Th. 13.5])
Let X C P(V) be a smooth projective variety preserved by a reductive group G
linearly represented on V. Let & and & be the sets of stratifying elements and stratifying

pairs from Definition 2.1. Then

us __ - ss ~ ss
xg= L CXemt e = L Gy
£eS,meN (s,Z)eé

where each stratum is nonempty. Furthermore, the natural map G x B (X m)SiS P
" L

(A;(Xs m)zs " is finite, and the dimension of the stratum is
" Lg

dim G(X, )3, = dim G/P, + dim X, .
Remark 2.2. The cited result [10, Th. 13.5] contains the above statement up to the
2nd expression for XEG‘S, which concerns the connected components of the strata. The
fact that these connected components stem from the connected components of the fixed
point set X5™ is established in [10] in the discussion following Theorem 4.16. Let us note
a slight difference in nomenclature concerning the parametrization of the strata. The
stratifying OPS are, by our definition, indivisible integral elements. There are various
normalizations used in the literature, more often than not taking the eigenvalue into
account, thus corresponding to our pairs (¢, m). We prefer to specifically acknowledge
the re-occurrence of a direction, because this manifests in our X in a manner essential
for our description of ng and its variation for various projective embeddings of X. The
OPS occurring in [10] correspond to our vy:»n—the closest to O point in Conv(Sti,(Xé'm)).
Yet a 3rd normalization, corresponding to our %5, giving eigenvalue 1 on Z, is proposed
in [15].

3 Instability on Flag Varieties and Schubert Varieties

Let G be a simply connected semisimple complex Lie group, B be a Borel subgroup, and
X = G/B be the flag variety. Let T C B be a Cartan subgroup, A C t* be its weight lattice,
AT be the set of dominant weights, and A*+ the set of strictly dominant weights. Let G C
G be a connected reductive subgroup. Since G is semisimple and simply connected, every
line bundle on X admits a unique G-linearization, resulting in a unique G-linearization.
In this section, we apply the Hilbert-Mumford criterion and study instability for the
G-action on X with respect to an arbitrary (very) ample line bundle L;, . € AT, For

any reductive subgroup H C G acting on X, or on any H-subvariety Z C X, we consider
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14 H. Seppénen and V. V. Tsanov

the notion of H-instability on Z defined by the induced H-equivariant line bundle on
Z, that is, we denote Z*(A) = ZiF(L;) = ZNP(V,)’. We also use the simpler notation
X\ = XG”S (1), but only when our fixed reductive subgroup G is concerned.

In a nutshell, the key observation is that the connected Hesselink blades X7 C
X = G/B defined by a OPS £ of G are not only preserved by the parabolic subgroup P; of
G but are in fact orbits of the parabolic subgroup P; of G; thus X; ; = P.x for a suitable
x € X. This observation has many consequences about the possibilities for unstable loci
of subgroups, since there are finitely many parabolic subgroups of G defined for & in
a given Weyl chamber I'*, each P; has finitely many orbits in X and the orbitclosures
are Schubert varieties, whose dimensions can be computed combinatorially using the
Weyl group. We now proceed to explain this in some detail and deduce some explicit
formulae.

Most of the material in this and the next section, where we derive the Kirwan—
Ness stratification of X“S()), can be found or easily derived from the literature; see
[2] and [16] in particular. Nonetheless, we prefer to supply simple proofs of the
results connecting the structure of flag varieties to the Hilbert-Mumford criterion for
subgroups, in order to build up the setting for the rest of the article.

The plan of the section is as follows. First we consider the unstable loci Xg‘s )
for OPS ¢ of G, without reference to G. Then we recall the partition of '+ into cubicles
associated to the embedding G C G, introduced by Berenstein and Sjamaar, [2]. The
cubicles allow to handle a discrepancy issue between the notions of dominance for
weights of G and G. We conclude the section with a formula for the unstable locus

and a bound for its codimension derived directly from the Hilbert-Mumford criterion.

3.1 One-parameter subgroups

Let I' = AY C t be the lattice of (infinitesimal generators of) OPS of T. Let a = I'y C t be
the real span of T.

Let us fix for this section an arbitrary & € I'. We have already introduced
the centralizer L; of £ in G and the parabolic subgroup P;. Let us also introduce the
unipotent subgroups R;,Rg, whose Lie algebras téc are the sums of the eigenspaces
of ad(§) in g with positive, respectively negative, eigenvalues. Then R, = Rg is the
unipotent radical of P; and p; = [; @ v, is a Levi decomposition.

Let a, C a be a Weyl chamber containing &, let r-=rn a,,and let B C G be the
corresponding Borel subgroup. Let B = BN L;. Let N and N, be the unipotent radicals
of B and B, respectively.
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(i)

(ii)

(iii)

VGIT on Flag Varieties 15

Let £ e I'T as above and X = G/B. Then the following hold:

The set of fixed points of § in X consists of the union of the closed L, -orbits,
which are exactly the L¢-orbits of the T-fixed points and are parametrized
by the left coset space W, \ W. The set §W of shortest representatives in the

cosets corresponds to the set of B;-fixed points. We have

x5 = | Lexy, = || Lex,.
wew weEw

Every P;-orbit in X contains exactly one Lg-orbit, which is closed in X;
exactly one open B-orbit; exactly one B-orbit of minimal dimension. The
open and the minimal B-orbits in P.x, correspond to a pair of elements
wlw, ¢ Wew having, respectively, maximal and minimal length with
respect to B in the coset. These are related by w! = Woe W1, where wy, is
the longest element in W, with respect to B. The closure of every P;-orbit
is a Schubert variety: P;x,, = Bx,,1. The dimension and codimension of an

orbit are given by
dim P, x = I(wh) = ng + lwy)) codimyP,x =r; — lwy)).
where n; = dimN; = dimP;/B = dim L¢/B; and r; = dim R; = dim G/P.

For A € AT, the function %" (-, &) defined in (2) is constant on P¢-orbits and

its values are given by the weights corresponding to the T-fixed points:
L, — L —
W (x,E) = (%, §) = wa(§) for x e Pix,,.

The &-unstable locus in X with respect to A is given by

= || Px,= |] Bx,= U Bx,,,

weE W (L&) weWw+(§) WeWF(4,&)B-max

where WA, &) = {w € W : wi(€) > 0}, EWT (%, &) = EWNn W+, £), and
W (X, €)p.max 1S the subset of maximal elements with respect to the Bruhat
order. The 1st and 2nd unions are disjoint, while the 3rd one gives exactly

the irreducible components.
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16 H. Seppénen and V. V. Tsanov

Proof. For (i), since L, acts on X% and XT < X% we have Lex,, C X¢ for all w. On the
other hand, we note that any fixed point x € X? belongs to a unique Schubert cell Bx,,.
Using the fact that Bx,, = Nx,, and the global linearization of the T-action on Nx,,, one
observes that X* N Nx,, = N, x,, C L:x,,.

For (ii), note first that the B-orbits in a given P;-orbit are the orbits through its
T-fixed points. By irreducibility of orbit closures every P;-orbit contains a unique open
B-orbit, say Bx,,1 = P:X,1. On the other hand, computing the tangent spaces in terms
of roots, one sees that for any w € W, Bx,, is open in P, x,, if and only if N, fixes x,,.
There is a unique such point in every closed L;-orbit, hence there is a unique closed
L¢-orbit in every Pg-orbit, and the T-fixed points in P;x,, form a single W;-orbit. By its
definition w' has maximal length in W,w', equal to the dimension of P,w'. One has
lww') = l(w') — l(w) for w € W,. The longest element wy, € W, defines w; = wy.w' of
length l(w) = (wh) — M. This yield the dimension formulae.

For (iii), fix A € A™*, and recall that the embedding ¢, : X < P(V;) defined by
the line bundle £, sends x,, to the extreme weight space [v,,,]. The statement concerning
the function u%* (-, £) is obtained by applying the recipe of its definition in view of (i),(ii).
For x € Pyx,,, using the Levi decomposition, we obtain x, = tl}ir_noo exp(té)x € Lgx,, and
hence 1 (x,§) = " (o, €) = W5 (v, §) = WA ().

Now we are in a position to apply the Hilbert-Mumford criterion and derive
Pex,, C X;S(k) if and only if w € W™ (%, £). This yields the 1st two formulae for the &-
unstable locus. For the 3rd, we are brought to consider the following partition of the

Weyl group (determined for any pair (1,§) € A x I'):

W=wW"0,&uWlR, 6 uW (&),
Wt &) ={weWw:waE) >0},
w0, &) = {w e W: wi) =0},

W™, &) ={weW:wiE) <0}. (7)

If w, w’ € W are related by the Bruhat order as w’ < w, then w/A(§) > wi(§) for
all £ e I'". Indeed, the Bruhat order is defined by w’ < w if X, € l’yw cX,andw <w
holds if w’ # w. The linear span of the Schubert variety in V, is the Demazure B-module
Vg s Whose weights are exactly the weights of V, contained in wi + Q,, where Q, is
the monoid generated by A*. Thus, w'A = wa + q for some sum of positive roots g. Since
& € a,, we have q(¢§) > 0 and hence w'A(§) > wA(§).
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Consequently, if w belongs to either W+ or W+ U W?, then so do all elements
smaller than w. Hence, it suffices to take Bruhat-maximal elements as indices for the

union. |

3.2 Compatible Weyl chambers and cubicles

Recall that an element & € g is called regular if its centralizer is a Cartan subalgebra or,
equivalently, p; is a Borel subalgebra. An element of a Cartan subalgebra t is regular if
no root in A = A(g, t) vanishes on it.

Returning to our embedding G C G, we have now two notions of regularity on
g, its intrinsic one, which we shall always call G—regularity, and the one induced by
the embedding in g, called regularity, or G-regularity if precision is needed. Clearly, G-
regular implies G-regular, but in general the converse implication does not hold. It holds
if and only if any Weyl chamber of G is contained in a unique Weyl chamber of G. This
is not always the case, and there is a discrepancy in the notions of dominance as well.

The calculation of the Mumford function in Lemma 3.1, (iii), concerns a weight
) and an OPS £ dominant with respect to the same Weyl chamber A™. However, for the
G-unstable locus of the line bundle given by A in a given AT, we need to handle OPS
from I'T, which is not necessarily contained in I'*. To this end, we follow Berenstein
and Sjamaar, [2], who introduced the notion of cubicles associated to a pair § C g of
reductive complex Lie algebras.

We assume from now on, without loss of generality, that a pair of Cartan
subgroups T c Gand T C G is chosen, with T C T. Then we have ' c T and
i=TgCcly=u0

Two Weyl chambers a, and a, are called compatible if 6, Na, contains an open
subset of a. Compatible pairs exist, and we fix such a, and a, from now on. The Weyl
chambers of a are parametrized by Weyl group elements, and the chambers compatible

with d, determine the following set:

w,

com = {W € W:a, and wa, are compatible},

called the compatible Weyl set. Foro € W, the cone

com/’

A

G, =a, Noa,
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18 H. Seppénen and V. V. Tsanov

is called a cubicle in a. We have

0 €Weom

We collect in the following proposition some structural results of Berenstein and

Sjamaar, which will be used in our proofs.

Proposition 3.1. (Berenstein-Sjamaar, [2, §2])

() Let W,y C W

com’

called the relative Weyl set, be the set of shortest

representatives of the orbits in W,

of the Weyl group of the centralizer
Zo(T). Then, for every nonzero & € I't, there exists an element in o € W,y
such that o1& e I't.

(i) For every o € W, there is an inclusion j, : W C W such that the inclusion
T CTis J,-equivariant.

(iii) The duality automorphism a, — a,, & — &* = —w,£ permutes the cubicles.
More precisely, for every o € W, there is a j_-duality involution on W given
by w — w* = j, (Wy)ww], where w§ = owyo !

The set W,

com

is the B?-longest element.
is stable under j,-duality, and the cubicles are permuted by

~

ay+ = —Wqa, foro € Wy, .

Definition 3.2. For any & € ['+\ {0} we fix a relative Weyl group element, to be denoted
by o, € Wy, such that & belongs to the cubicle a,, . We denote B, = L, "B, this is a Borel
subgroup of L; such that B, = B; N L; is a Borel subgroup of L.. We denote by l;(w) =
dimB"EXWUé = l(aé_lwos) the B%-length of w € W. We consider the left cosets Wew of
the stabilizer W; in W and we denote by W C W the set of B% -shortest representatives
of the cosets. The set ¢ W parametrizes the B, -fixed points XxBs = {Xppo, * W € §W) and
thus the closed L -orbits in X.

Given A € AT, we denote, analogously to (7), but now for an arbitrary & € [+ \ {0}:

W = W*(0h, §) UW (A, §) UW™ (052, §),
We(ogh, §) = {w € W : sign(wogA(§)) = ¢}, fore € {+,0, -},
l;,)\ = max {l,(w) : w € 5W+(0§A,$)}. (8)

For any subset & ¢ I'* \ {0} and A € AT, we define a partition of & x W by

ExW=(Ex W), UExWIUEx W),
(Ex W)5 ={(¢, w) € E x W:sign(wogr(§)) = ¢}, fore € {+,0,—}.
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The extensions j, (W,) of the duality automorphism I't — I't, & — &* = —W¢
given in Proposition 3.1 combine to a self-bijection of the set of pairs I'" x W, which is

useful for the description of our unstable loci.

= E*. The

]

Lemma3.2. LetEcC [+ \ {0} be a subset that is self-dual, that is, & = —WO

map

jiEXW) = (ExW), j¢,w) = (— W, jo,, (Wo)woeop')

is a bijection. For every dominant A, j swaps the positive with the negative component

in the decomposition (9) while preserving the 0-component, that is,
Vie AT, ji(ExW); > (Ex W), ee€{+,0 -}

In particular, the set (E x W)I determines (2 x W)g and (E x W); uniquely.

Proof. The map j is a bijection, its inverse beingj_l(.f,w) = (—v?zoéf,jcrs (WO)W%*G{I).
Forany £ € '\ {0}, A € AT and w € W we have

Hence, the involution jaé (W) defines a bijection between W* (0gA, &) and W™*(0g+A,§%) in

the respective decompositions (8). This implies the statement of the lemma. |

Remark 3.3. With regard to computing examples, it is useful to notice that the
calculations and notation can be simplified whenever there is only one cubicle, which
means that any Weyl chamber of G is contained in some Weyl chamber of G. This
property is preserved for Levi subgroups, which is relevant for calculations with the
Hilbert-Mumford criterion. More generally, consider the following properties (note that
(d) = (c) = (a)+(b)):

(a) any given Weyl chamber of G is contained is some Weyl chamber of G, that
is, 't c I't, or equivalently W = {1}
(b) g contains regular semisimple elements of g; equivalently, W, =

(c) [+t crtt,thatis, Wyom = {1} and there is a single cubicle;

rel

(d) being a diagonal embedding of a semisimple group in a Cartesian power.

The definitions immediately imply the following:
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20 H. Seppénen and V. V. Tsanov

1) If G C G has some of the properties (a),(b),(c),(d), then the same properties
also hold for the natural embedding ié C L; of the semisimple parts of the
centralizers of any semisimple element £ € g.

2) Suppose that G; C G, C G is a chain of embeddings. The embedding G, C G
has some of the properties (a),(b),(c),(d), if and only if the same properties
hold for both embeddings G; C G, and G, C G.

Property (c) means that the intrinsic notion of regularity for OPS of G coincides
with that induced from the embedding in G, as mentioned above. Examples where this

property is fulfilled are

e diagonal embeddings G c G = G*¥;

e SL, C SL, given by any root;

e principal SL,-subgroups SL, — G (characterized by having a single closed
orbit in G/B);

e subgroups containing principal SL,-subgroups SL, — G C G, for instance
Spay C SLy, and SOy, C SLyyy ;.

3.3 A formula for the unstable locus

The Hilbert-Mumford criterion applied to the G-action X = G/B endowed with the ample

line bundle £,, » € AT yields, in view of the preceding sections,

us __ A
XY@ =0 U P.x
Ew)e(@H\{opxw);

wog *

Since the parabolic subgroups defined by elements of I" are finitely many, and each has
finitely many orbits in X, it is natural to ask about subsets of (r+ \ {0}) x W sufficient to
obtain the above union. One answer is supplied by the Kirwan-Ness stratification, and
we consider it in the next section. Here we derive a simpler formula using the following

elements.

o>

Definition 3.3. Let = {§,...8g) C ['+ denote the set of elements obtained as

indivisible integral generators of extreme rays of cubicles. The elements &, ...,§, are

called the Ressayre OPS of the embedding G C G. We denote by o; = o, € Wy for
J

j=1,...,q the chosen elements such that aj_léj e I'". We denote

@QB:{(&,W)E@XW:WEEW}.
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Remark 3.4.

(i) The set & is stable under the duality automorphism & > —Wyé, by
Proposition 3.1 (iii). Hence, we can apply Lemma 3.2.

(ii) If a Weyl chamber of G is contained in a Weyl chamber of G, then the set &
consists simply of the fundamental coweights of G, that is, the generators
of I't.

Lemma3.4. LetP={P; CG:§¢€ ['+\ {0}} denote the set of parabolic subgroups of G
defined by nonzero dominant OPS of G. Let 9B, denote the set of maximal elements of
. Then Pyoy = {P;, & € E) = (P}, ..., P}, where P, = P, .

Proof. Recall that the parabolic subgroups of G containing T are determined by their

roots. Let us take an arbitrary cubicle 4,, with o € W,,, and denote [} = ["*Na, . For any

elr
two elements &, 7 € f;r belonging to a fixed cubicle, and hence to the same Weyl chamber
of G, we have P, , C P, NP,. Hence, the parabolic subgroups defined by the generating
rays of the cone a, are the maximal elements in the set of parabolic subgroups defined
by & € I'}. The elements of p defined by elements of '} are characterized by the property
of containing the Borel subgroup B’. Hence, if ¢ ¢ '}, then P; does not contain P, with
n € f‘;r . Since every element of ['* is contained in some cubicle, we obtain that the

maximal elements of 3 are exactly these defined by rays of cubicles. |

Theorem 3.5. For any A € AT the G-unstable locus in X = G/B can be written as

q q
us _ Fy US _F _r
XP0) = U GXE (M) =G U |_| PiXy, =G U P Xy
J=1 J=1 weli wiwo(&)>0 (€ w)eEw;

The codimensions of the Sj-unstable locus and the G-unstable locus are bounded from
below by
. . +
codlmXng(k) >rj— T — lj,A
codimy X¥(1) > mjin{rj — 7 - lJJ.IrA},
where 220 = E N (E x W) for e € {+,0,—} and lJ“.LA = lg,x with the notation from

Definition 3.2.

Proof. From the Hilbert-Mumford criterion, we know that the G-unstable locus is
the G-saturation of the union of the unstable loci for dominant OPS of G. To reduce

the instability with respect to an arbitrary & € ['" to instability with respect to one
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of the &;'s we shall use Lemma 3.4. Let us take some § € [+ \ {0} and x € Xg‘s(k). The
&-unstable locus is described by Lemma 3.1, and we conclude that x € Png for some
w € W such that wi(§) > 0. The element & belongs to some cubicle f‘j and can be
expressed as a linear combination of the generators of this cubicle, say &;, ...,ép, with
nonnegative coefficients. We can deduce that wi() >0 for some j € {1, ..., p} for which
the coefficient of ¢ is nonzero. Hence, P, C P; and we have x € P;x,, C Pix,, C XE‘]‘,S(A).
This proves the 1st formula for X“S(A). The 2nd formula is deduced directly from
Lemma 3.1 and Definition 3.2. The 3rd formula is the same as the 2nd but written in
the notation of Definitions 3.2 and 3.3.

The bound on the codimension follows from the standard fact that, for any & €
[+, the parabolic subgroup 135 C G satisfies 13§ =P N G, hence it acts on every P¢-orbit

P;x, and we have a surjective map
G Xp, PSX — (A;PEX.

The dimension of the domain of this map is f‘j + dim P, x and hence this number bounds
the dimension of GP.x from above. We take a maximal-dimensional P.x,, inside
X5, with w € §W. We may apply the codimension formula of Lemma 3.1, part (ii),
to the length function [, referring to the cubicle of & (see Definition 3.2). We obtain
codimyP;x re —le(w) =r; — l;’l. This completes the proof. |

woz —

Remark 3.5.

(i) The above theorem can be interpreted as stating that the G-unstable locus
is the G-saturation of the union of maximal I'*-unstable Schubert varieties
in X.

(i) The formalism simplifies in the case where 't ¢ I'*, so W, = {1} and there
is a single cubicle (see Remark 3.3). Then the formula for the unstable locus

can be written as

x“$n=6 || Bx,,
weW\Wo—()

where WE(A) = {w € W : wA@3) C Ry} and Wo*()) = {w € W : wA@@3) C
R.o).
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4 Kirwan-Ness Stratifications of Flag Varieties by Reductive Subgroups

In this section we fix an arbitrary » € A'" and we describe the Kirwan-Ness
stratification of the G-unstable locus X“S()) in the flag variety X = G/B. We deduce
a (co)dimension formula for the unstable locus. This formula is not always easy to
evaluate, but it proves useful in the study of variations in the next section.

First we determine the blades of the strata using the results of the previous
section. The OPS of G C G are also OPS of G, and Lemma 3.1 provides a description of
the resulting blades as orbits of parabolic subgroups of G. The lemma concerns & € T’
dominant with respect to the same Weyl chamber as A. The set ['t of dominant OPS of G
is partitioned by the cubicles corresponding to the Weyl chambers of G intersecting the
interior of f‘ﬁ{ . Recall that for each £ € 't we have fixed some element 0z € Wy such
that a{ls e I't. We obtain the decomposition of the blade X, and their fixed point sets

X&™ for m € Z, into connected components:

X5M()) = | | LiXyp,r  Xem(h) = | ] Py Xy, - (10)
weE W:wog A(§)=m wet W:wog A(E)=m

The set of T-weights of the orbit L. x,,, C P(V,) and its restriction to T are given by

Sty (L.x Wywoeh ,  Stzp(X5™() = & (Stp (X5 (M))). (11)

Wo'g) =

We are now in a position to produce the OPS satisfying condition (i) of the Definition 2.1

of stratifying OPS.

Definition 4.1.

(1) Let£={L;:§¢€ [+ {0}} be the set of centralizers in G of nonzero dominant
OPS of T.

(2) For any triple (L,w,A) € £ x W x A, let v .5 € Ag denote the closest to
0 point in Conv(*(Wywh)). If vy .., # O, let & ,, € [' be the indivisible
integral generator of the ray in t corresponding, under the Killing form, to
the ray of vy, , in Ag. In case v wa =0, weputé; , ; =0.

(3) For A e AT, denote

=& w € [:(@Lw)eglx w},

>
|

g, N (I {0}),
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Remark 4.2. By Theorem 3.5, the set of Ressayre elements g = {&1,.-84) belongs to
g} for every A € A*T. The Levi subgroups L= sz,j =1,...,q, are exactly the maximal

elements of £, that is,

Linax = {L1s - Lj}- (12)

The intersection Z(l;) N g of the center of [; with § is one-dimensional, generated by
éfj. Thus, for every (w,1) € W x A, the element EL]-,W,)\ is proportional to Ej and, by
indivisibility, we get

SLJ,W,A € {E]’IO, —Ej}-

Lemma 4.1. Let A e ATt. Denote

S, ={£cE :Iwew: woA(§) > 0, wogh € Ci,é(LéXW(,g)},
SW, = {6, w) € &, x W:w & SW (01, 8), LWy D # 0
3

Then &, is the set of dominant stratifying OPS for the G-unstable locus X“S(1) and the

map 620, — ék, ¢ w) = (6, LX) is a bijection onto the set of stratifying pairs.

Proof. The lemma follows from the Kirwan-Ness stratification theorem and Lemma
3.1. Indeed, from Lemma 3.1, we know that the connected components of the blades
for the G-action on X = G/B are parabolic orbits of the form P.X,,,, with§ € '+ and
w € EW"L()»,é). In each such connected blade the fixed point set of ¢ is the Levi-orbit
We are in a position to compute the ingredients in the definition of stratifying

OPS, Definition 2.1 with its properties (i) and (ii). The set E) is exactly the set of

LSXWGe'
OPS satisfying property (i). It follows that the stratifying pairs for ng(k) have the
form (§,Lgx,,,¢) with & € Ef, w € éWJF()L,if) and indeed (L%'XWUE Ii/g # () to satisfy
property (ii). In the definition of the set &,, instead of (ii), we only require nonempty
semistable locus for the semisimple derived group IA/S. Thus, it remains to check that
this weaker condition suffices. The fact that § is of the form §; , ., ensures that the

T /&-semistable locus in Lex is nonempty, so the line bundle is is/é—ample if and

wo,
only if it is IA/E—ample. Since mj is the shortest representative in its left W;-coset, the
weight wo, A (or rather its appropriate restriction) is dominant with respect to the Borel
subgroup B% N Lé of Lﬁg_. So the requested semistable locus is nonempty if and only if
woh € Cié (L’E/(B”f N L/S))' which is just the condition imposed in the definition &, . For
the 2nd statement of the lemma, it remains to notice that the requirement for w to be
the shortest representative in its W -coset ensures a bijective correspondence between

G20, and the set of connected components of Kirwan-Ness strata. |
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Theorem 4.2. Let A € AT". The Kirwan—Ness stratification of the G-unstable locus in

X = G/B with respect to the line bundle £, is given by

XU ()) = |_| CA;(PSXWUE)EZ e (W),
(&€, w)eG20,

where G2, c ['t x W is the set defined in Lemma 4.1. The dimension and codimension
of the stratum for (¢, w) € G20, are given by
dim GP;x,,,, = dim G/P; + dim Pex,,,, = e + 1 + L (W),

codimer’PEX =T — f‘s — L (w).

wog
The dimension and codimension of the G-unstable locus are given by

dimX“(1) = max {f, + n, + 5 : £ € &, },

codimyX**(h) = min{r, — 7. — I} : £ € 5, },

where lgt{ = max{l; (w) : (§,w) € &2, }.

Proof. The formula for the unstable locus follows from Lemma 4.1. The dimen-
sion formulae follow from the Kirwan-Ness dimension formula for the strata and

Lemma 3.1. ||

Remark 4.3. In Section 6, based on ideas of Popov, [15], we present an algorithm, using
rooted trees, giving a “yes” or “no” answer to the question whether a given A belongs to
C%(X). This algorithm can be applied to the Levi subgroups f,é C L; and any given wog},

in order to determine completely the Kirwan—Ness stratification in any given case.

The dimension formula for the connected Kirwan-Ness strata states éPEXWO’S =
dim @/135 + dim Py x.

condition plays a key role in this article and it is convenient to introduce the following

wo, - This is a condition on § and w, which is independent of A. This

terminology.

Definition 4.4. We call a pair of a dominant OPS of G and a Weyl group element of G,
(€, w) € (" \ {0}) x W, a fit pair, if dim GP;x,,,, = dim P;x,,,, + dim G/P,. We denote the
set of fit pairs, with the additional requirement that w is the B° -shortest element in its
left Wg—coset, by

EWg, = {(E, w) e TT\{O) x W:w e W, codimXCA}PgXW(,é =r, — F — LL(w)}.
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For fixed & € ['t \ {0}, we denote by § Wy, the set of elements in * W forming a fit pair
(€, w); forl € N, we denote éWﬁt(l) the subset with lg (w) =1

Remark 4.5.

(1) The notion of fit pairs concerns the action of G on G/B and does not refer to
any line bundles.

(2)  All stratifying pairs are fit. More precisely, for any » € A*", we have G20, C
RIS

(3) Trivial examples of non-fit pairs are produced by taking w = wy, the
longest element in W, or, more generally, sufficiently long Weyl group
elements, so that dimX < dim @/135 + dim P, x5, .

(4) If G = SL,, then all pairs (£, w) with dimngW < dimX — 1 are fit, as it is

not difficult to show.

We shall discuss properties of fit pairs further in Section 5.2. At this point, we

record the following.

Corollary 4.6. Let » € A™*. Denote E} .. = EWy, N EW, . The G-unstable locus in
X = G/B with respect to the line bundle £, can be written as

X% () = U GP.x

Wwog *
=977+
(E,W)Eum)\’ﬁt

The codimension of the unstable locus is given by

codimyX**(1) = min {r, — 7 ~ I : § € B},

where lgli = max{l, (w) : w € W, wo A(§) > O}.

Proof. All pairs (§,w) € EQIT;“ define unstable strata, so the proposed union is

contained in X“$(1). On the other hand, by Kirwan's dimension formula for strata, all

4
A fit

unstable locus. The codimension formula follows directly from the description of the

stratifying pairs are fit, 620, C E2;y;, so the union over E2U) ... is contained in the

unstable locus as a union and the definition of fit pairs. |
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5 The G-Ample Cone of G/B and GIT Classes

In this section, we provide descriptions for the G-ample cone CG(X), its subdivision into
GIT classes, and its subcones C,?(X), spanned by line bundles with G-unstable locus
of codimension at least k in X, defined in Theorem I stated in the Introduction. These
descriptions are given in terms of linear inequalities derived from the formulae for the
unstable loci obtained in the previous two sections.

Let us start by recounting the general definitions in our notation. We call 2 € A
(or the associated G-equivariant line bundle £, on X) @‘--ample, if » € AT (i.e., the line
bundle is ample) and codimXXé“S()L) > 0 (i.e., a positive power of the line bundle admits
a nonzero G-invariant section). The allowance of powers permits to extend the notion of
G-ampleness to to Ag = A ®Q, and continuity permits to extend it to Ax. We denote by
A?é the real Weyl chamber, by AEJ“ its interior, and by AEF the set of rational points in

the interior. For k € N, we denote

cEx) = {1 € AT : codimyX¥() > k} € AST,

where the closure is taken in the relative topology of Af™.

The @—ample cone is obtained for k = 1, as Cé(X) = CIG(X). It is known to be a
polyhedral cone in the Néron-Severi group of G-linearized line bundles on X with real
coefficients. The cone Cé(X) is partitioned into GIT classes, defined by the equivalence
relation: A ~ )’ if and only if ng(k) = Xés(k’), or equivalently X@”S()\) = ng(k’) (cf. (5)).

We denote the GIT class of a given A € C%(X) by C,, or C¢ if the group is to
be specified. Similarly, we refer to the GIT classes with respect to G as G-classes. We
set XgS(CA) = XZ:;‘S(A). The GIT classes form a fan of rational polyhedral cones in Cé(X),
cf. [17].

A GIT-class C C CG(X) is called a chamber (or a G-chamber) if every G-orbit in
the semistable locus XES(C) =X \XgS(C) is infinitesimally free, or equivalently, if XgS(C)
contains all points of X with positive-dimensional isotropy group in G. A GIT class is
called G-movable, if codimXXé“S(C) > 2. We denote

Mov®(x) = c¢(x).

Clearly, if H C G is a reductive subgroup, we have C7(X) D Cé(X) and every
G-class is partitioned into a finite union of H-classes. We shall apply this to H = T,
a Cartan subgroup of G. The formula for Xéus(k) given in Theorems 3.5 can be used to

deduce a description of the T-class of A. Then the formula from Theorem 4.2 allows us
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to identify the T-classes belonging to the same G-class. Let us note the following lemma,

which is instrumental in our description of the GIT chambers.
Lemma 5.1. LetA € CG(X). If Cf is a T-chamber, then Cf; is a G-chamber.

Proof. Suppose that Cf is not a G-chamber, so that Xés(k) contains points with
positive-dimensional isotropy group in G. Then ng(k) also contains a G-orbit, which
is closed in Xg;s (1) and with positive-dimensional isotropy. The isotropy group of any G-
orbit closed in ng()») is reductive and thus contains C*-subgroups (see e.g., [10, Lemma
8.8.]). Since every C*-subgroup of G is G-conjugate to a subgroup of T, we deduce that
ng(k) contains points with positive-dimensional isotropy in T. But Xés(k) C X;S(k), so

Cf is not a T-chamber. This proves the lemma. |

5.1 GIT classes for T and G

The unstable loci for tori acting on G/B are obtained as a particular case of Theorem 3.5,
which handles arbitrary connected reductive groups. However, when a given torus is a
Cartan subgroup of a reductive group G, then some additional information is available.

We record this in the following proposition, with the notation of Theorem 3.5.

Proposition 5.1. The T-unstable locus in X = G/B for the Cartan subgroup T of the

reductive group G C G and a given A € AT is given by

q
o= UUrgo=Ut| U 2o

tewj=1 teW (S,w)eé%ﬂ{r

The codimension of the T-unstable locus is given by codimXX;Afs(A) = min{r; — ZJJFA 1j=

1,....,q}.
Furthermore, the set CZ(X) = AI'EJr N{xr e A5+ : codimXXi'fS(A) >k}, forkeN,isa
convex rational polyhedral cone, described by the conditions l;.”A < rj—k forallj=1,...,q,

or by the following inequalities:
A(aj_lw_l“;‘j) <0, forall we 5J'W(rj —-k+1,j=1,..,q.

Moreover, we have C%(X) = Aﬁ*, that is, all ample line bundles are T-ample.

Proof. The T-unstable locus is the union of the &-unstable loci for & € [° \ {0}. Since
[' = WI*, the 1st expression for XT”S()L) follows from Theorem 3.5. For the 2nd one,

note that the set 7P.x,, = P;:x does not depend on the choice of representative

Twog
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of T in N@(T). Thus, the expression is well defined and follows from the 1st one and
Theorem 3.5. The codimension formulae and the resulting description of CZ(X) follow
immediately (see Definition 3.2 and Lemma 3.1 for the notation).

The last statement (which is classically known) can be deduced in our
context from the fact that ngoag_l € W (o:2,8) for all £ € [+t\ {0} and » € ATT,
so l;,;x <r -1 [

Lemma 5.2. Let £,,, = {L;,...,L,} be the set of maximal elements in £ with respect to

inclusion (see Remark 4.2). For any A € AT the following are equivalent:
(i) the T-class of A is a T-chamber;
(ii) 0 ¢ g,,thatis, the closed orbits Lex,, in G/B of centralizers in G of nontrivial
OPS of T are T-unstable;
(il) & w, #O0forallweWandj=1,..¢q;
(iv) A(w§;) #O0forallwe Wandj=1,..,4.

Proof. By Lemma 3.1, the fixed point set of any OPS is the union of the closed orbits
of its centralizer. So, having a T-chamber is equivalent to having all closed Levi orbits
unstable, which is in turn equivalent to (ii).

To see that (iii) implies (ii) recall that & ., € [ is the indivisible OPS
corresponding to the weight vy ., € Ag, which is the closest to 0 point in the convex
hull of *(W;w2). Hence, if & ., = 0 for some L € £ and w € W, then rwa =0 for
any Lj D L.

The equivalence of (iii) and (iv) follows from Remark 4.2. |

Theorem 5.3. The T-ample cone on X is equal to the entire open Weyl chamber Aﬁ*.
The decomposition of A into GIT classes with respect to T is defined by the following

system of hyperplanes, parametrized (with possible redundancy) by pairs (¢, w) € ExW:
Hy1e = {h € A : M(w ™€) = 0}.

More precisely, the GIT class of an arbitrary A € AIFF is uniquely determined by the set

@QU;F and is given by

) X R >0, if we WF®,é)
Cl=reat Ve w e UEMwo® ;
=0, 1T we '
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We denote by &0 = &2, the set corresponding to C = Cf. The following hold:

(i) The T-classes F contained in the closure of a given T-GIT class C are exactly
efoing AOTE ~ Aoyt
those satisfying 8%, C 220;.
(ii) The T-chambers are the connected components of the complement in the
Weyl chamber of the union of the above hyperplanes, or otherwise stated,

Cf is a chamber if and only if E20° = ¢.

Proof. The 1st statement in the theorem is well known for any torus and was also
proven in Proposition 5.1. Let us address the GIT classes. For any A € A™T, the set @QH;F
determines Xi’fs (1) by Proposition 5.1. It also determines uniquely, by Lemma 3.2, the
sets éﬁﬂg and @Qﬂ;. Thus, @Qﬂf determines the set of inequalities for Cf claimed in the
theorem. Since the GIT classes are connected cones, it remains to show that whenever
one condition imposed by the inequalities gets violated, then the GIT class changes.
This holds, because a change in any such condition signifies that some Levi orbit Lgx,,
changes its status from unstable to semistable in a relatively open set, or vice versa.

Statement (i) follows from the description of CZ".

By Lemma 5.2 (specifically (i)«=>(iii)), the walls bounding the T-chambers are
indeed defined by hyperplanes of the proposed form. This implies statement (ii) and
completes the proof. ]

Theorem 5.4. Let C, F be T-classes in A{™, such that F C Cis a face of codimension 1.
Then the closure of F is necessarily of the form F = CN ’7'-15_1‘/‘,,1}E with (¢, w) € éﬂﬂg and
&

we have

us __ yus A~
X¥(C) = X2 (F) U GPx

wog *

Furthermore, C and F define distinct G-classes, if and only if the pair is stratifying for
C, that is, (¢, w) € 6, if and only if wo, F C C* (L;x,,).
Proof. The fact that F has the required form follows from Theorem 5.3, which also

implies

o

W, = W U{E, w)).
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From Theorem 3.5 we obtain X(E;‘S €) = Xé‘s (Fy U é'—PgX . It remains to prove the last

statement of the theorem.

woy

Since (§,w) € 220%, the orbit Z = LiXyyo, belongs to X;S(C) C XG”S(C). Since
F=Cn Haé—lw_ls, we get (see Remark 4.2 and Definition 4.1) that §;_,, » = 0 making

Z ﬂXsz (F) # ¢. With this at hand, the condition wo F C cls (Z) is equivalent, by the proof
of Lemma 4.1, to Zis/g(WUEF) # (). Any XA € F can be translated inside C by a sufficiently
&

small positive multiple of o 'w~1l¢, which can be made integral after rescaling A if
necessary. (Here we interpret & as a weight via the Killing form of G.) The restrictions
of wogi and wo, (A + aglw‘lé) = wog(A) + & to Lg /¢ coincide. Hence, the condition
wWogh € CL:/%(Z) holds for A € F if and only if it holds for A € C. The latter condition is
equivalent to (¢, w) being a stratifying pair for ng (C) with stratum G(PSZ)EZ P (C). By the
disjointness of the Kirwan-Ness strata, this stratum does not intersect the union of the
other strata for C. From the above decomposition of émg, we deduce that our condition
is equivalent to Z N XES(F) # f and hence to the property that the G-classes of C and F
differ. ]

Corollary 5.2. The G-chambers in Cé(X) are exactly the G-classes that are open sets

; ++
in A]R .

Proof. We have already shown in Theorem 5.3,(ii) that the T-chambers in A[JREJ“ are
exactly the open ones. By Lemma 5.1, this implies that the G-classes in CG(X) that
are open in AI‘E’U are G-chambers. It remains to show that only the open G-classes are
G-chambers. Let F, be a G-class of positive codimension and let F c F, be a T-class
relatively open in F;. Let C be a T-class having F as a face of codimension 1. Then
the G-classes defined by C and F are distinct. Theorem 5.4 implies that there exists
(¢, w) € B} such that L:x,, is not contained in ng(F). But L.x,, C X%, so F; is not a

G-chamber. ]

Example 5.5. The following example shows that the G-classes do not coincide with the
T-classes. Consider the diagonal embedding G = SLy — SL§<3 = G. We have & = (&1, &),
the fundamental coweights of G (see Remark 3.3). Let A = (&, A +A*, A*), with any i = (Z;)
satisfying a; > a, > 0, where g; are the coordinates with respect to the fundamental
weights of SL;. Then we have A € C%(X) NHy-1¢, where w = (s;Sy, 51, 1). The semisimple
centralizer subgroups are then given by f,/l = SL, — SL; 3= L}, and the variety Z = L, x,,

is a triple product (P!)*3. The element w is of minimal length in its coset W, w, where
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w, = {1,32}X3. Further, we calculate that
1
A =Whiny = §(a1 —ay,3a; +3a,,2a; + a,).

The middle coordinate of this weight, a; + a,, exceeds the sum of the other two
coordinates, which is a,. Hence, from our knowledge of the SL,-ample cone for diagonal
embeddings, we deduce that A; ¢ ch (Z). (Formally, we describe the G-maple cone in
the next section, so this example could wait, but in the case of SL, C SL2X3 this follows
simply from the Clebsch-Gordon rule.) Hence, CA;P&XW is not a Kirwan-Ness stratum for

A and, by continuity, for weights in a neighbourhood of 1 in Ap.

5.2 Chains of fit pairs in 't x W

We have seen in Section 4 that the Kirwan-Ness strata of the unstable locus are
of the form éPSXWO'g for certain stratifying pairs (§,w) € ['t x W. The property
dim GP;x,,,, = dim G/P, + dim P,x,,,,, which holds for all stratifying pairs, was singled
out in Definition 4.4 and we called such pairs fit. In this section, we show that for any

fit pair (&, w), there is a sequence of fit for £ Weyl group elements w = wy, ..., wy =1

such that P, x D P.x and dimP.x,, =1+ dimP.x The discussion in this
& & §wijog &

Wjy10¢ Wjt10¢°
section is concerned with the geometry of the G-action on X and not with line bundles

W]'(J’g

and instability. However, the chains of fit pairs play a key role in the next section,
concerning the variation in the codimension of the unstable loci of line bundles.

We need to recall the notion of inversion set of a Weyl group element. Let A =
AT U A~ be a root system split into positive and negative parts. It is well known that
a Weyl group element is uniquely determined by the set of positive roots it sends to
negatives. For w € W, the set ®,, = AT N w~LA~ is called the inversion set and the set
v, = A NwA" the inverted set. We have l(w) = #V¥,, and ¥, = —
£ e 't \ {0}, the decomposition A = Alg) U A(tg) L A(tg) is invariant under the action

w-1. For a given
of W;. An element 7 € W is determined by its relative inverted set A7 () N WA+([S).
Also, we have ¥_, N Ary) = T(Vy, NA(T)); in particular, these two sets have the same
cardinality. Hence, the shortest element in a coset W, w is characterized by the property

W, C A(r), while the longest is characterized by ¥,, > A7 (D).

Lemma 5.6. Let A = AT LU A~ be a root system split into positive and negative parts
and let w € W. Then there exists an order on the inverted set ¥, = {8, ..., ;} such that,

upon setting W) =Sg....Sp, forj=1,..,land wy ,; =1, one gets
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w=w; =55 ...85, Yy =V \ (B, e Bt lwy ) =1—].
Moreover, the root ,Bj is simple for ij+.

Proof. We shall proceed by induction on the length I = I(w). Let IT be the set of simple
roots in AT, so that wTl is the set of simple roots in wA™. Let 8 = B; € wII N A~; such
an element exists, as long as I > 0. Consider w, = sgw. Note that —8 € wA™ N AT,
so that, if U_gz C B denotes the one-parameter unipotent subgroup of the root —g, then
U_gx,, = U_gx,,U{x,,} and so Bx,, D Bx,,,. Since g is simple for wA™*, we have s,wA* N
WA~ = {—f}. Hence, (B} = sswA™ NwA' = (A7 \ Wy,w) N Wy, On the other hand,

W, =SgWAT N AT

B
= (sﬁwA+ NATNWAT)U (sﬁwA+ NATNwA™)

=PUY, NW, C Y,

Thus, ¥, = {8} U V¥, . By induction on [ based on the trivial case [ = 0, that is, w = 1,

we obtain the statement of the lemma. [ |

Lemma 5.7. Let (§, w) € EQWy;, be a fit pair and [ = [ (w). Then there exists a sequence
W =wy,.., Wy = 1in fWg, with [, (w;,,) =1—jand
P.x

2 P§ XWj+1 3

, codimXG‘PSXWjUE =T — i«s —l+j+1.
If » € AT and wogA(§) > O, then wjo,A(§) > 0 forj > 2.

Proof. The proof is based on Lemma 5.6. We apply it to w with respect to the system
of positive roots o AY associated to £. For the 1st part of the lemma, we may assume,
without loss of generality, that oz = 1,80 that e I'™ N ['+. The case [ = 0 being trivial,
we assume [ > 1. Note that the condition w € § W is equivalent to v, C A(tg). Hence,
ifw=w,, Wi =1 is a sequence as obtained from Lemma 5.6, then ¢ C \Ilwl cC..C
Yy, C Wy, C A ). In particular, all w; belong necessarily to SW. It follows that the

Rg—stabilizers of the points Xy, are nested, that is,

1= (Ry)y, C (Ry)y, C o C (RByy,:

The pair (&, w;) is fit if and only if the generic ﬁg-stabilizer on Lgij is trivial. Recall

that ﬁg C R;, and also that the R, -stabilizers on L. x,, are L;-conjugate, so L-conjugate
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to (RE_)XW' Thus, the above chain of inclusions implies that, on each LSXW],, the generic

R -stabilizer is trivial. Hence, w; € §Wg; (I —j+ 1). This proves the 1st statement.
The 2nd statement of the lemma follows from the following calculation, with the

notation from the proof of Lemma 5.6:

sgwoA(§) = —(positive number)B (&) + woA(§) > wogA(§).

5.3 The cones of GIT classes with codimyX¥S > k

The main purpose of this section is to prove the following theorem, announced as

Theorem I in the Introduction.

Theorem 5.8. For k € N, the relative closure

Cy = CE(X) = AH@ Nni{xe AfoJ“ : codimyX¥S(A) > k} is a convex rational polyhedral cone

described as
Ce={reAf": Mo 'wlg) <0, w e Wy (ry—Fj—k+1),j=1,...q}. (13)

In particular, the G-ample and G-movable cones are obtained by the above formula as
¢6(X) = ¢, and Mov®(X) = C,.
Furthermore, these cones possess the following properties:
() For weights on the regular boundary of the k-th cone, A € AT™*NJC;, one has
codim,X“(1) = k.
(i) In the relative topology of A}", we have Cy,; C Int(Cy).
(iii) C is empty if and only if the closed cone in Aﬂ'g defined by the inequalities
in formula (13) belongs to the boundary dAj.

Proof. The starting point is the Kirwan—Ness stratification of the unstable locus XgS )

for » € AT, and more specifically the formula derived in Corollary 4.6:

XY = I_l é(PSXWGg)%Z/g’ codimyX“$(1) = min {r, — 7, —l(w) : (§, w) € Eﬂﬁzﬁt}.
(&, W)eSW,

It follows that the set C;, can be described as
Co={reni™: ,\(aglw—ls) <O0,wefWy(r, —F, —k+1),& eI\ {0}}. (14)

Since C;, clearly consists of GIT classes, which form a finite rational polyhedral fan,

finitely many of the above inequalities suffice to describe C;, and we obtain a rational
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polyhedral cone in AEJF. To prove formula (13), it remains to show that it suffices to take

£ € & in the expression (14). This will be done after we prove the following key lemma.

Lemma 5.9. (No jump lemma) Suppose that C;,C, C A}* are distinct GIT classes in
the interior of the Weyl chamber.
(a) If C; D C,, then

0 < codimyX"*(C,) — codimyX“*(C;) < 1.

(b) If C,, C, are GIT chambers sharing a face C;,, then

|codimy X*$(C;) — codimyX"*(C,)| < 1.

Proof. Without loss of generality, we can replace that C;, C, by T-classes contained in
them, satisfying the same incidence relations. We do this, so that the sets EQJJJC; are well
defined. We still consider the G-unstable loci X”S(Cj).

Suppose C; D C,. Then we have X*5(C,) D X“5(C,). In particular, codimzX“$(C;) <
codimyX“*(C,). The change in the unstable locus X“() as A passes from C; to C, is
necessarily reflected in a change of the set of stratifying elements G20, derived in
Lemma 4.1. The description of the T-classes given in Theorem 5.3 implies that there
exists a pair (§,w) € Gma n Eﬂﬁgz. We now fix such a pair and assume, without loss
of generality, that the initial cubicle is chosen so that o = 1 in order to simplify the
notation. Stratifying pairs are fit, so (£, w) € E20;;, and we can apply Lemma 5.7. The
element w, produced by that lemma is fit for &, satisfies w, € §W+(Cz,$), and has
length l(w,) = l(w) — 1. Thus,

éPEXWZUs C XuS(Cz)r COdimXéPEXWNs = COdimXéPfxw‘fé +L

Therefore, the inequality

CodimX@Xé‘s(Cz) — COdimXéng(Cl) <1

holds for any &. Hence, it also holds for the codimensions of the entire unstable loci.
This proves part (a).
Part (b) is easily deduced from part (a), since X*$(C;,) C X“S(Cj) forj=1,2. N

We continue with the proof of the theorem. For simplicity of the formulae,
we denote cod(C) = codimXng(C) for any T-class C C AE{F or any subset of such a

class. The consideration of T-classes here is useful, because we also need elements
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from outside C, which are not f;—ample for k = 1, while Ci' = AI‘E’U by Theorem 5.3.
The topological operations of closure and boundary will be considered in the relative
topology of the open Weyl chamber Af™.

To prove (i), suppose @ # C;, # A%*’ and let F be a nonempty face of the cone C;
of positive codimension in A" (possibly F = Cy). Let F C F be any T-class contained in
the closure of Af" \ C;. Then there exists a T-class C C Aj™ \ Cy, such that F = CN ¢
is a face of C of codimension 1. The G-classes containing C and F are distinct, because

C, contains one and not the other. By Theorem 5.4, we have F=Cn HU—IW with some
3

1g
pair (¢, w) € éwg which is stratifying for C. Furthermore, XgS(C) = X‘és(F) U GPSXW%.
. By definition, we have cod(C) < k < cod(F). Hence, cod(C) =
m < k— 1. By the no-jump lemma, we have cod(F) —cod(C) < 1. Thus, cod(C) =m =k—1
and cod(F) = k. This proves (i).

For part (ii), we observe that C;,; is isolated from the regular boundary of Cj

Put m = codirxlx,(A7P§)(‘/‘,(,S

by a “layer” of GIT classes with unstable loci of codimension exactly k, as follows. Let
U, C C be the union of ample GIT classes C C C; such that C N 3C, # {0}. Then Uy
contains an open neighbourhood of 8C;. If C is a GIT class in Uy, then C N dC; contains a
positive-dimensional GIT class, say F. By the no-jump lemma and part (i) we get cod(C) <
cod(F) = k. Hence, U, C C; \ C;,; and we can conclude that C;; is contained in the
relative interior of C; inside the open Weyl chamber.

To complete the proof of formula (13) note that, with the above notation, the
g with & € £ and
w € Wy, (stratifying pairs are fit, see Lemma 4.1). The remaining condition le(w) =

arbitrary face F of C; was shown to have the form 7 = C;, N Hdglw

g — f‘g —k + 1 is equivalent, for a fit pair,tok—1 = codimX@PéX
established.

Part (iii) follows immediately from formula (13). This completes the proof of the

wao,» Which was already

theorem. u
Let us consider a simple explicit example.

Example 5.10. We shall show that for any SL,-subgroup Gof G= SL, one has CG(X) =
A[JRSJ“ and MOVé(X) = . Indeed, there are two conjugacy classes of SL,-subgroups, but
their Cartan subalgebras coincide, up to conjugacy, as vector spaces t C t (endowed
however with different lattices ). We have t = Rp", and it suffices to evaluate weights
oné = p” = ay +ay, which is regular, so t;=n=3, ?‘S = 1. Since f.g ~ C* and ié =1, all

pairs (£, w) € EQU; are stratifying. A simple computation yields

AT ={he A WT(,8e) =W <1) ={1,51,5,}}, X¥0) = @BXSI U @BXSZ.
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Thus, the facets of Cé(X) constructed by our theorem coincide with the walls of the
Weyl chamber, and the interior constitutes a single GIT chamber with unstable locus of

codimension 1.

Remark 5.3. A natural question in this context is: when does c (X) = @ occur?
Theorem 5.8 allows in principle to determine CG(X) in any case, but it is of course
desirable to have a general characterization of subgroups G C G with this property.
At present we are unaware of such a characterization.

A sufficient, but not necessary, condition for the vanishing of the G-ample cone
is obtained from the following upper bound for the codimension of the unstable locus,

which can be deduced from Theorem 3.5:
max {codimyX“*(1) : A € AT} <min{r, -7, : £ € g).

When this upper bound is zero, we have Cé(X) = (). Note that the vanishing of the bound
means that r, = ’A‘S for some & € E, which is in turn equivalent to @/13S = G/P;. Thisis a
very particular situation, subject to a classification due to Onishchik, [14, Th. 7.1]. For
every simple ideal g; of g to which & projects nontrivially, the intersection g; = gNg;
is a simple ideal of § and either §, = g; or the pair (§;,9;) is one of the following:
(5P Slam) s (802:,_1,502:,), (82,50g), (9,507). The simple factors of G/P; corresponding
to such pairs are the odd-dimensional projective spaces, the spinor varieties, and the 6D
nondegenerate quadric, which is accidentally a spinor variety and admits a transitive
G,-action.

The non-necessity of the above condition is shown, for instance, by the example
G= SL,, C SL,,,; = G, where CG(X) = ¢ and LR(G C G) is generated by the 1st and the

last fundamental weights of G.

5.4 Criteria for existence of G-movable chambers

In this section we derive some corollaries from Theorem 5.8 and consider further
examples. The main goal is to address the existence question for G-movable chambers
posed in the Introduction.

Theorem 5.8 already provides a description of Mové(X), which, along with the
results on GIT classes from Section 5.1, allows to determine MOVG(X) and the G-movable
chambers by a finite combinatorial computation. Although this computation is quite
involved in general, let us note that it remains accessible in some cases, as in the

following example.
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Example 5.11. Let G be a principal SL,-subgroup of G. This case is considered in our
previous work, [19], where it is shown that G-movable chambers exist, except for a small

number of degenerate cases for G. Specifically, we have the following:

. C@(X) = A{“ if and only if G has no simple factors of type A;.

e If G has no simple factors of type A;, A,, C,, then the entire ample cone is
G-movable, Mov®(X) = ALT

e If Gis of type C,, then cé(x) = ALt and Mov%(X) is a ray, so there are no
G-movable chambers.

e If G is of type C,, then cé(x) = AL and Mov®(X) is the ray, so there are no
G-movable chambers.

e If Gis of type A,, then ct(x) = AfT and MovC(X) = ¢.

In order to address the existence of G-movable chambers, we begin with a

general criterion.

Proposition 5.4. If Cg (X) # @ for some k > 2, then X admits GIT chambers where
the unstable locus has codimension k — 1. In particular, if there exists A € A™" with
codimyX“$(1) > 2, then X admits G-movable chambers and any chamber C with A € C is

G-movable.

Proof. Part (ii) of Theorem 5.8 implies that CE_I(X) has nonempty interior and hence
it contains GIT chambers. This proves the 1st statement, which immediately implies
the 2nd. |

In view of the above proposition, one may ask: are there specific elements X
suitable for a test? The structure of the cones C,f(X ) suggests searching for such X “deep”

in the interior of the Weyl chamber. We propose one choice in the following example.

Example 5.12. Let us consider the case A = p = 3> ,ca+ @, the smallest strictly

dominant weight. We shall estimate the codimension of X“$(p) in terms of invariants
of the embedding G C G and thus give a criterion for existence of G-movable chambers.

Let us begin with the general remark that, for w € W, we have wp = %((Cbaf,l) —
(®,,-1)), where (®) denotes the sum of the elements of any subset & C A. Evaluated at
any & € I'" this gives

1 1
wp(§) = 5(@3,_1) —{ Py D) = 5((<1>€V_1 N A(tg)) = (Py1 N AT)))(E).
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Since dDEV,l = -1, we conclude that either wp(¢) = wwyp(¢) = 0, or exactly one of

w and ww, belongs to W (p, §) while the other one belongs to W~ (p, §). Also w € sw if

wow
and only if &, -1 C A(rs). Put

a; =min{a() o € A(ty)} b, =max{a(§):ae At} (15)
Then,
g (r; = U(w)) = bel(w) < 2wp(§) < be(ry —l(w)) — agl(w).

It follows that, for w € W,

a.r
Iw) < ——=— — wesw (p,8);
as—l—bs
b.r _
Iw)> —%  — wefw (p8)
a5+bs
Hence,
a.r b.r
33 S1<lf < 33
and

a
codimyX"$(p) > min{r, — 7. — I} > min I
ceg & e e T g, 1p, ¢
We can use this concrete case, where the codimension is expressed in terms of
structural invariants of the embedding G C G, to obtain the following general criterion

for existence of G-movable chambers.

Proposition 5.5. Given an embedding G C G, if mingeé{a;—jbéré — f‘é} > 2 (cf. (15)), then

the G-ample cone on X admits G-movable chambers.

Let us consider now a diagonal embedding G ¢ G**¥ = G. Any Weyl chamber of
G is contained, as a diagonal, in a Weyl chamber of G. The (maximal) Levi subgroups
of G defined by nonzero elements of I't are the k-fold products of (maximal) Levi
subgroups of G. We have re = k. The OPSs defining the maximal Levi subgroups are
the fundamental coweights & = {§;, ..., §;}. Furthermore, for & €& we have &Ej = &Ej =2,

bgj = IA)SJ, = 2m;, where m; is the j-th coefficient of the highest root of G expressed as a
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sum of simple roots, thatis, @ = >_ mj&j. Hence,

1
codim )(u'S > —kr: — 1.

We can also see that the codimension of the unstable locus tends to co when k — oo.

Concerning G-movable chambers, one can easily calculate that

%j+2 . N : us
k > max - A+my:j=1,.,. = codimyX“(p) > 2
J

— 3 G — movable chambers.

In particular, one can deduce the following.

Proposition 5.6. If G is a product of classical groups and G C G = G** is a diagonal
embedding with k > 5, then the @’—ample cone admits G-movable chambers.

Example 5.13. Let us consider the case G = SLéH,

above bound means that there are G-movable chambers for k >

where m; =1 for all j. Then the
2%. Let us go back a

few steps, for, w € §W we have

k.
Erj — Z(W).

1 . 1 1
W) = SR, 1) = ())& = Sy = Uw) = Uw)) = Jr; = Uw) =

1
Thus, l;.fA = |1

. . ri+1 ) kr: +1 ) (k—2)ir +1
codimy GX{*(p) = rj — #; — l;.’rk = ’71——‘ — = ’7 J —‘ — = ’7+ )

The minimum value overj =1, ...,67 is attained at j = 1, where f‘j — { and

. —2)0+1
codimy X" (p) = codimyGX;*(p) > ’7%—‘ .
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We obtain codimyX“$(p) > 2 except in the following cases:

1, ifk=2

codim, GX¥$(p) = L, Hk=3¢t=1
X p) = N

2, ifk=3,=2,3

2, ifk=4,0=1.

In particular, in all cases except the above, G-movable chambers do exist.

6 Popov’s Tree Algorithm

Here, we present an algorithm allowing to determine whether a given » € A™" belongs
to Cé(X ) or not. Having in mind our description of Kirwan stratification of X%“$()), where
the non-emptiness of the proposed strata depends on whether certain W-translate
wo A belongs to cl (L¢ Xy, ), this algorithm can be applied to determine the entire
stratification. The idea is due to Popov, [15], who developed the method in his study
of unstable points in a linear representation space of a reductive group, the classical
nullcone of a representation. There is a common generalization of his and our settings,
where X = G/P is a partial flag variety, P(V) = SL(V)/P; in the classical case, with
an action of a reductive subgroup G C G. One particular feature of complete flag
varieties, as well as of projective spaces, is that the closed orbits of Levi subgroups
L C G are of the same type, that is, complete flag varieties, or, respectively, projective
spaces. This is important, since the algorithm uses recursion, whose step refers to Levi
subgroups acting on their closed orbits in X. This latter fact remains somewhat hidden
in the classical case, where one considers linear subspaces of a vector space without
necessarily mentioning Levi subgroups of its linear group.

Let 35y = {Lexy, : & € [, w € W} denote the set of closed orbits in X of Levi
subgroups of G defined by OPS of T. Next we define a rooted tree 7, = Te g whose
vertices are associated to certain elements of 35. The tree has a natural orientation
and signature, which allow to determine, by a recursive algorithm, whether A defines a
G-ample line bundle on X or not.

Every rooted tree is endowed with a natural orientation of the edges, pointing

from the root to its adjacent vertices, and defined inductively for the rest of the tree.
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Definition 6.1. Let A € ATT. We denote
mX = mé,X,)\, = {L§XW05 € 3X : E = ng,W,o’g}» € F+ \ {O}IW S S.IVVIZ%‘(VV) = réj - ?'3’-‘}

Analogously, for any Z = Lexy, € 3%, endowed with the action of IA/é and the line bundle
given by wogh, we denote
My = gﬁig Z,wogh'

We define a rooted tree 7, with vertices Az associated to sequences of nested elements
(Z;) = (Zy DZ, D -+ D Z,) of 3, starting at Z, = X, and satisfying Z;,, € Z)JTZ],. The root
of 7, is a(,. The vertices adjacent to ay, are aixz for Z € My. The vertices stemming
from ay- . -z, -7 are, by definition, ay-; - -z -, for Z € M, .

The height of a vertex a is defined as the maximum length of an oriented path
in 7, starting at a.

A signature on the tree 7, is defined as follows: a vertex a is given a sign “—" if

there exists an arrow in 7, emanating at a and ending at a vertex b with sign(b) = +;

otherwise, a is given a sign “+".

Remark 6.2.

(i) The vertices of height 0, called the leaves, always have sign “+".
(ii) If G is abelian, then the tree associated to any A € ATT consists only of the
root, 7, = {ax)}. Hence, the sign is always “4”, which corresponds to the
fact that C8(X) = A}
(iii) The maximal height of a vertex in the tree 7, is the height of the root. It does
not exceed rank(G), since for chains X O ... D Z of that length, or higher, the

semisimple part of the Levi subgroup LcG preserving Z is abelian.

Theorem 6.1. For » € Att, the line bundle £, on X is G-ample if and only if the root
of 7, has sign plus, that is,

CG(X) NATT ={re A" : sign(ay) =+ in T;}.
Proof. We follow the idea of Popov, [15]. Let us remark that the branches of 7, are

again trees of the same type. More precisely, let a = az) be avertexin 7, and let Z = Z,

be the last variety in the sequence defining a. Let (§,w) € Ej x W be the elements
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associated to Z, A according to the above definition. Then the branch of 7, starting at

a is identical with the tree 7;, This tree depends only on Z and A, but not on the
&

Z,Wogh"
sequence (Z;) connecting X to Z; wé shall denote it by 7, (Z).

We shall prove the theorem by induction on the height of the whole tree, that
is, the height of the root. In the above remark, we noticed that the vertices of height 0
always have sign plus. The height of the root a, is 0 if and only if My = @. The latter
implies, via Theorem 4.2, that there are no Kirwan-Ness strata in X*5(1) of codimension
0, hence 1 € CG(X). Thus, the statement of the theorem holds in the base case. Assume
it holds for trees of height one less than the height of 7,. The sign of the root a,
is minus if and only if there is an adjacent vertex ay-, with Z € 9y and sign plus.
This means that the root of 7,(Z) has sign plus. By hypothesis, this is equivalent to
wWog € Cié (Z2), In such a case, (§,w) is a stratifying pair for ng(k) and, since Z € My,

we have codimX@PEX = 0. This is in turn equivalent to A ¢ CG(X). |

wog

Example 6.2. It is not hard to show that, for G of rank 1 or 2, a given A € A" belongs
to C%(X) if and only if 7, does not have branches of length 1. For rank(G) = 1, this means

T, = {ax)}-

7 Mori Chambers

The goal of this section is to prove Theorems 7.4 and 7.5 concerning the structure of the
effective cone of any GIT quotient, ¥, of X defined by a G-movable chamber C in the
@—ample cone Cé(X). By a result of [18], such a quotient is a Mori dream space, whose
pseudoeffective cone is naturally identified with the G-ample cone Cé(X). For the sake
of consistency, we give below a short proof of the essential part of this theorem (cf.
[9, Prop. 2.9]) and refer to [9] for the definition of a Mori dream space (cf. also [3] for

quotients of Mori dream spaces).

Theorem 7.1. Let C be a G-movable chamber. Then the quotient Y = X*(C)//G is a

Mori dream space, and the descent map defines an R-linear isomorphism
PicC(X)p — Pic(V)y
that yields an identification of cones

cbx) = Eff(Y).
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Proof. As for the 1st part of the claim—that of ¥ being a Mori dream space—we
prove the two essential properties, namely that the Q-Picard group, Pic(Y), is a finite-
dimensional Q-vector space, and that the Cox ring of Y is a finitely generated C-algebra.

We first look at the Picard group of Y. Since the complement of X%¥(C) is of
codimension at least two, the restriction of line bundles from X defines an isomorphism
Pic(X) = Pic(X55(C)). The construction of line bundles as associated line bundles to the
principal bundle G — G/B equips them with a canonical G-linearization, and thus with a
G-linearization. As G is semisimple, and thus does not admit any nontrivial characters,
the G-linearization of a line bundle is unique, so that the isomorphism of Picard groups
above is even an isomorphism Picé(X) = Picé(Xss(C)).

Next we study the descent of line bundles. Since C is a chamber, all stabilizers
G, of semistable points x € X%(C) = X°(C) are finite. If A € C and x € X%(C), the
stabilizer G, acts on the fibre (£,), by a character. So, if g is the least common multiple
of all the orders of stabilizer subgroups @X, for x € X5%(C), every such stabilizer @X acts
trivially on (Eg)x, and hence E;Z descends to a line bundle on Y. Now, the line bundles
that descend to Y form a subgroup of Picé(X), so that the fact that C is of full dimension

in Picé(X)R implies that descent defines an isomorphism of groups
gPic(X) = Pic(Y),

where we use additive notation on the left hand side to denote the g-th powers of line

bundles. Tensoring with R then yields an isomorphism of real vector spaces
Pic®(X)p = Pic(Y)g,

and in particular, the claim about the Q-Picard group of Y follows.

In the final step we study the Cox ring of Y. If the line bundle £ on X descends
to the line bundle L on Y, pulling back by the quotient map = : X55(C) - Y, s — 7*s,
defines an isomorphism H%(Y,L) — HO(X55(C), £)C. Since X55(C) is of codimension at
least two, Hartog's theorem implies that n*s has a (unique) extension to a G-invariant

section § € HO(X, E)é. Thus, pulling back sections by 7 defines an isomorphism

HO(Y,L) = HO(X, £)C. (16)
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On the level of graded rings, we obtain an isomorphism

cox(v):= @ B w,D= P HOX, £)C.

LePic(X) Leqpict(x)
By the Hilbert-Nagata theorem, the ring on the right hand side is a finitely generated
C-algebra. This shows that Y is a Mori dream space, and (16) also establishes the

isomorphism of cones. |

Having established this property of a quotient Y defined by a G-movable
chamber, the purpose of this section is to study the birational geometry Y and show
that the Mori chambers of Eff(Y) correspond to the GIT chambers of Cé(X ).

We first recall the notion of Mori equivalence for divisors: two big divisors, D
and D', on a projective variety ¥, with finitely generated section rings R(Y, Oy (D)) and
R(Y’,Oy (D)) and natural evaluation maps f;, : ¥ --» Proj(R(Y,Oy(D))) and fy : ¥ --»

Proj(R(Y, Oy (D)), are Mori equivalent if there is an isomorphism

@ : Yp :=Proj(R(Y, Oy(D))) — Proj(R(Y, Oy (D")) =: Yy
making the following diagram commute:

fo
Y -—-=Y,

N /
N fD
N ¢

YD/

(cf. [9]). A Mori chamber in the pseudoeffective cone Eff(Y) is the closure of a full-
dimensional Mori equivalence class.

We now assume that Y =Y, = XSS(AO)//@, with projection morphism
7 XS (hg) — X% (A)//G,

is a quotient such that A, belongs to a G-movable chamber in Cé(X).
If » € C6(X) is a strictly dominant weight for which the line bundle £, on X
descends to a line bundle L, on Y, the section ring R(Y,L,) of L, is finitely generated,

namely R(Y,L,) = R(X, Lk)é, where the latter ring is finitely generated by the theorem by
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Hilbert and Nagata. Evaluating homogeneous elements of R(Y, L, ) in points in ¥ outside

the stable base locus B(L,) of L, then yields a rational map

fo1Y - Y, =ProjR(Y,L,), f,(y) :=kerev, yeY¥\B{,),

where

P o0
evy, 1= @p_ eV k.

and

evy i (s) i=s(y) € L), /m,(LY),, seHO(Y,L),
where m, denotes the maximal ideal in the stalk Oy , of the structure sheaf Oy of Y.
Lemma 7.2. The rational map f, is induced by GIT, that is, it is the map
(XSS (o) N X5 (M) — X5(1)//G =Y,
induced on quotients by the inclusion X*%(1,) N X%5(X) — X55(1).
Proof. Since £, is very ample, we can write X as X = Proj(R(X, £,)). On the other hand,

Y, is given by Y, = Proj(R(X, EA)(A;). Now, the inclusion R(X, Lx)é — R(X,L,) vields a

rational map of projective spectra
g, : Proj(R(X, £,)) --» ProjR(X, £,)%),
given on the level of points by
3, =pNRX, L)%, pel,

where U is the set of all homogeneous relevant prime ideals p for which the homoge-
neous prime ideal p N R(X, Ex)é is relevant, that is, does not contain H?(X, E’;)é for all
positive integers k. The closed points of U are then precisely the points in the semistable
locus ng(k). Clearly, g, is G-invariant, and we claim that in fact g, = m,. Before proving
this claim, we show that the claim of the lemma follows from the identity g, = =,.
Indeed, we can lift f; to an evaluation map =*f; : Xés(ko) N XES(A) — Proj(R(X, Lk)é)
given by
x> (kerevy) NR(X,L,), x¢€ ng(ko) HXES()L).

IfF, : X — Proj(R(X, L,)) denotes the natural map

F,(x):=kerev,, xeX,
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where the evaluation maps ev,, for x € X, are defined as above, but for the line bundle

L, on X, the map n*f, can be written as the composition

7T* = q)L OFA |X(§;S(AO)QX‘.§S(A) . (17)

Now, since X = Proj(R(X, £,)), the morphism F, providing an isomorphism, we can in
fact identify F, with the identity morphism of X. Using this identification, the identity
(17) in fact says that 7*f, is given as the composition of the quotient morphism q, = =, :
ng(/\) — Xés(k)//f} with the inclusion of the open subsets XES(AO) ﬂXgS(A) — XES(A), and
this is indeed the claim of the lemma.

We then conclude the proof by showing that g, = =x,. For this, it suffices to
show that g, and 7, coincide on open affine subsets defining an open affine G-invariant
€ HO(X,EA)é = HO(Y,L,), for some m € N, be
homogeneous generators of the invariant ring R(X, Ex)é = R(Y,L,). (By replacing £, by

covering of U. Let therefore s,...,s,,

a power, if necessary, we may without loss of generality assume that this invariant ring

has generators in degree one.) Then, putting

X = {p € Proj(R(X,L,)) :s; ¢ p} C X,

Y, = {p € ProjR(Y,L,)) : 5; ¢ p} C Y,
fori=1,...,m, and recalling that these open subsets are affine, namely
Xs)) = Spec(R(X, Ek)m)), Yis) = Spec(R(Y, LA)(si)),

where

R, L;)) = Isik keN, seHOX,ck ] ,
i

W @

R(Y, L)) = i ‘keN, se HO(Y,L’f)]

S

~

are the homogeneous localizations of the respective rings with respect to the degree-one

element s;.
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The action of G on R(X, L,) by graded ring automorphisms induces an action on

the homogeneous localization R(X, £,) ;) given by

g(ik) :=“&:), ge@, seHO(X,Elf), keN,
s; s;

and for this action we clearly have

(RX, L;) )% = RX, L)%,y = RV, L),

that is, the operation of taking G-invariants commutes with homogeneous localization

with respect to s;. In other words, the inclusion

R(X,L;)Gy < RX, L), (18)

of the subring of G-invariants is given by the restriction q, | X' X5, = Y(s,- Since the
embedding of rings (18) defines a Hilbert quotient, the uniqueness of good quotients

implies that it coincides with the restriction of x;, to X(y,. This shows that g, =x;,. W

Lemma 7.3. LetaA, A € CG(X ) be Mori-equivalent dominant weights each belonging to
some GIT chamber. Then the semistable loci X*5(1) and X°(1") are equal in codimension

one, that is, they coincide outside a closed subset of X of codimension at least two.

Proof. Letf, : Y --» Y, and f;, : Y --» Y,, be the rational maps defined by the
line bundles on Y. By assumption, there is an isomorphism ¢ : ¥, — Y,, yielding a
commutative diagram

hi
Y -->Y,

N
fy
N ¢
A
Y,,

from which it follows that exc(f,) = exc(f;,). Since Ay, A, A" are all in GIT chambers, f;
and f,, define isomorphisms
fi
XS () N XS (W) = 7, (X5 (k) N XS (V) C Y,

/

5
(X5 (o) NXS (V) Z 1, (X5 (hg) N XS(V)) C V5.
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Hence,

exc(fy) S 7(X* (o) NX™ (V) = B(L,),

where B(L,) C Y is the stable base locus of the line bundle L, on Y, and, similarly,

exc(f)) C 7(X*¥(hg) N XY () = B(L;)).

We now claim that any extension f : Y --» Y, of the rational map f, to some
open subset O C Y containing Y \ B(L,) contracts (the intersection with O of) every
divisorial component of the stable base locus B(L, ). Indeed, by [4] (Lemma 7.10) (and its
proof), there exists a birational morphism q : ¥ — ¥, defining an isomorphism outside
q '(B(L,)), and a birational morphismf (Y > Y, withf, og= ]7’, such thatf contracts
all Cartier divisors with support in g~} (B(L,)). Since Y is a geometric quotient, Y is Q-
factorial, and hence f in fact contracts all divisors with support in g~!(B(L,)) that are
preimages of divisors in B(L,).

Since g is a birational morphism, and Y is Q-factorial, the image in Y of the
exceptional locus exc(q) has codimension at least two (cf. [4, 1.40]), so that f can be
identified with a rational map Y --» Y,, defined on the open subset Y\ g(exc(q)), and this
rational map thus also contracts the divisorial components of B(L, ). Since any birational
extension f : Y --» Y, of f; has to agree with £ on any open subset where both maps are
defined, f also contracts the divisorial components of B(L, ).

The above argument also applies to f], and hence we conclude that all divisorial
components in B(L, ) UB(L) ) lie in the exceptional locus exc(f;) = exc(f;,) € B(L,)NB(L}).
Hence, B(L,) and B(L,,) coincide in codimension one. Since 7 : X*(i;) — Y defines
a geometric quotient, this implies that the preimages of B(L,) and B(L)) coincide in

codimension one in X%5(4y), that is,

X5 NXB(g) = X¥0) N X5 ()

in codimension one. Finally, since the unstable locus X*¥(1) is of codimension at least

two, it follows that the identity X55(A) = X55(1/) holds in codimension one. |

Theorem 7.4. Assume that Aj € Cé(X ) is a dominant weight belonging to a G-movable
chamber, and let Y := X%5(1y)// G be the corresponding quotient. Then the identification
CG(X) =~ Eff(Y) of the G-ample cone of X with the pseudoeffective cone of ¥ yields an
identification of the GIT chambers in C& (X) with the Mori chambers of Eff(Y).
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Moreover, every rational contraction f : Y --» Y/, where Y’ is a normal projective
variety, is induced by GIT, that is, Y = Y,, and f = f;, for some A € Cé(X).

Proof. Assuming that the strictly dominant weights A and A’ are GIT-equivalent, that
3 SS — SS /
is, XE0) = XEW), let

(72N Y)\ ZXE’S()\')//é — ng()\/)//é — Y)\/

be the induced isomorphism of the quotients. The Mori equivalence of f; and f;
via ¢ then follows readily from the GIT descriptions of the rational maps f, and f;,
(Lemma 7.2).

Assume now that the line bundles L, and L) on Y, for A, 1’ in the interior of cG (X)

are Mori equivalent. Then, we have a commuting diagram

A
Y - ->Y,

Y
N ¢

AN
Y,

where ¢ is an isomorphism of varieties. In order to show that A and A’ are GIT equivalent,
it suffices to show the inclusion ng(k) C X%5()') since the same argument will yield the
reverse inclusion. Let therefore x € X%(1), and put y := 7, (x), ¥’ := ¢(y). The description
of ¥,, as the quotient ¥,, = X*()')//G, and the fact that the line bundle £, on X descends
to an ample line bundle A’ on Y,, shows that there exists a G-invariant section s’ €
HO(X, [,N)é and a section s’ € HO(Y,,, A’) with &' xsson= 735, and s'(y’) # 0. Moreover,
A := ¢*A’ is an ample line bundle on Y,, and the Zommutativity of the above diagram

shows that the identity of line bundles
frA=fA

holds on the open subset Y N n(Xés(k) N Xés(k’)) of V. Hence, we have the identity of line
bundles

on the open subset O := XES(AO) N X(S;(x) n ng(k/) of X(S;(A) (cf. Lemma 7.2). Now, by

Lemma 7.3, Xés(k) = Xg;s(k’) in codimension one, so the open subset O C X("l;s(k) has a
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complement of codimension at least two in Xés(k). Hence, the identity of line bundles
(19) holds on all of ng (A). In particular, the restriction of the section s’ to ng(k) defines a
section of ;A yielding an extension of the section 7;'¢*s’ (since they coincide on ng(ko)ﬁ
XZ‘S(A) ﬂXés()J)). Hence, s'(x) = (7;¢*s')(x) = s(y’) # 0, that is, x € XES(X’). This shows
that XES(A) cX ES(A’ ), and hence we have proved the 1st claim about the identification of
Mori chambers with GIT chambers.

Since Y is a Mori dream space, the 2nd part concerning rational contractions fol-
lows immediately from the identification of Eff(Y) with Cé(X ) and the characterization
(19, Thm. 2.3]) of rational contractions f : Y --» Y’ onto normal projective varieties Y’ as
precisely the rational contractions f;, : ¥ --» Proj(R(Y, Oy(D))), for effective divisors D
onY. |

Theorem 7.5. Suppose that C C CG(X) is a G-movable chamber. Then the quotient
Y = XSS(C)//@ is a Mori dream space with Eff(Y) = C¢(X). This identification of
cones, together with the identification of Mori chambers with GIT chambers, yields

an identification of

(i) the nef cone, Nef(Y), of ¥ with the closure C of the chamber C,
(ii) the movable cone, Mov(Y), of Y with the G-movable cone Mov?(X).

Proof. The nef cone, being the closure of a Mori chamber, corresponds to the closure of
some GIT chamber. Since every integral divisor in the chamber C admits a multiple that
descends to an ample divisor on Y, the chamber C is the unique chamber corresponding
to the nef cone. This proves (i).

For part (ii), if D is integral divisor on Y, let 7#*D denote the extension to X of the
pullback of D by the quotient morphism 7 : X55(C)//G — Y. The stable base locus, B(D),
of D is then given by

B(D) = 7 (X“$(D) N X%(C)). (20)

Since the fibres of 7 all have the dimension dim G, and since the unstable locus X“S(C) is
of codimension at least two, the identity (20) shows in particular that 7*D is G-movable
if D is movable. Hence, Mov(Y) C MovG(X).

Conversely, if E is an integral G-movable divisor on X , which we can without
loss of generality assume to descend to a divisor nf(E) on Y, such that n*nf(E) = E, the
identity (20) applied to D := nf (E) shows that nf (E) is movable. Hence, we also have the
inclusion Mov®(X) C Mov(Y). ]
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